INTERSECTIONS OF ALGEBRAIC AND
ALGEBROID VARIETIES

BY
CLAUDE CHEVALLEY

Introduction. The object of this paper is to provide a local theory for
the intersection multiplicities of algebraic varieties.

The notion of intersection multiplicity of two algebraic varieties has been
for the first time put on a solid base by van der Waerden. We consider the
present step as an improvement on the van der Waerden theory for the fol-
lowing reasons:

(1) Esthetically, it seems natural to connect the multiplicity of a com-
ponent M of the intersection of two varieties U and V with the local proper-
ties of U and V in the neighbourhood of M.

(2) Our theory includes an intersection theory for algebroid varieties.

(3) The theory of van der Waerden fails to attribute a multiplicity to a
component M of the intersection of U and V in the case where, although M
has the suitable dimension, some other components have too high dimensions.

The starting point of our considerations has been the observation that the
multiplicity of the origin O in the intersection of two curves f(X, ¥)=0,
g(X, Y)=0 may be defined to be the degree of the field extension
K(X,Y))/K((f, g), where K((X, ¥)) is the field of quotients of the ring of
power series in X, ¥ with coefficients in the basic field K, and where K((f, g))
is the field of quotients of the ring of those power series in X, ¥ which can be
expressed as power series in f and g. From there, I was led to the definition
of multiplicity of a local ring with respect to a system of parameters, and then
to the general notion of intersection multiplicity. In order to achieve this
generalization, I have made extensive use of the notion of local ring, intro-
duced by Krull.

This paper is divided into three parts. Part I contains some algebraic prep-
arations. It is concerned with the study of the properties of a certain class of
local rings, which I have called geometric local rings. The most important
results in this first part are:

(1) what I have called the theorem of transition (§4, p. 22), because it
is the tool by the use of which we can reduce questions of intersection multi-
plicities for algebraic varieties to similar questions for algebroid varieties;

(2) the associativity formula for multiplicities in local rings which is the
source not only of the associativity formula for intersections, but of most
other properties of intersection multiplicities as well.
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Parts II and III are concerned with the intersection theory of algebroid
and algebraic varieties respectively. Each of these parts begins with a short re-
minder of the main definitions. These are not meant to provide a first intro-
duction to the notions with which algebraic geometry deals; their object is
rather to determine unequivocally which one of the various possible points
of view we adopt. In order to be able to reduce the theory for algebraic varie-
ties to the corresponding theory for algebroid varieties, we show that an
algebraic variety U splits up in the neighbourhood of one of its points into a
certain number of algebroid varieties, which we call the sheets of U at the
point.

Another intersection theory of algebraic varieties will be published
shortly by A. Weil. I have been in constant communication with A. Weil
during the writing of this paper; many of the ideas involved can be traced
back to discussions of the subject between him and myself. It is therefore im-
possible for me to acknowledge with precision the extent of my indebtedness
to him. Nevertheless, it can be said definitely that the statement of the
“projection formula” and the knowledge of the fact that all properties of
intersections can be derived from three basic theorems (namely, the theorem
on intersection of product varieties, the projection formula and the formula
of associativity) are both due specifically to A. Weil.

Terminology, references, and so on. Numerous references will be made
to my paper On the theory of local rings, Ann. of Math. vol. 44 (1943) p. 690.
This paper will be denoted by the abbreviation L.R.

We adopt the conventions of terminology which were explained in the
beginning of L.R., and we introduce some new ones, which we now proceed
to explain.

In parts IT and III, the letter K will consistently represent a fixed alge-
braically closed field. We shall often make use of certain symbols (such as
Xy, -+, Xn -+, ¥j -+ ) which we call letters. These letters are meant to
represent arguments of polynomials or power series. It follows that letters
which are represented by different symbols are automatically assumed to be
different and to be analytically independent over K. If X,, ---, X, are
letters, K[[X1, - - -, X.]] represents the ring of power series in X3, - + -, X,
with coefficients in K; K((X,, - - -, X)) represents the field of quotients of
K[[Xy -, Xa])-

More generally, if o is a complete semi-local ring and contains a field Ko,
and if x;, - - -, x, are in the intersection of the maximal prime ideals of o,
then Ko[[x1, - - -, x.]] represents the set of elements of o which can be ex-
pressed as power series in xi, - - -, %, with coefficients in K,. If this ring
has no zero divisor not equal to 0, its field of quotients is denoted by
Ko((x1, -+ +, %))

If p is a prime ideal in a Noetherian ring o, we denote by o, the ring of
quotients of p with respect to o in the sense which was defined in my paper
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On the notion of the ring of quotients of a prime ideal, Bull. Amer. Math. Soc.
vol. 50 (1944) p. 93. If w is the intersection of all primary ideals of o which
are contained in p, op contains 0/w as a subring and is the ring of quotients
(in the ordinary sense) of p/w with respect to o/w. The homomorphism which
assigns to every element of o its residue class modulo v is called the natural
homomorphism of o into op.

Throughout this paper we reserve the name of “varieties” to the irreducible
varieties over an algebraically closed field.

The cross references in the present paper are made according to the follow-
ing principle: if no indication of section is given, the reference refers to some
statement or formula contained in the same section; a similar convention
holds if no indication of part is given. The propositions, lemmas, formulas
and definitions are numbered starting with 1 in each section; the theorems
are numbered starting with 1 in each part.

ParT I

1. Geometric local rings. The local rings which occur in algebraic ge-
ometry are of a somewhat special type and have a certain number of proper-
ties of their own which we propose now to investigate.

We shall say that a ring t is of type r(n; K) if the following conditions
are satisfied: K is a field with infinitely many elements which is contained
in t; if the characteristic p of K is not equal to 0, then [K:K?] is finite;
r contains z elements xy, - - - , x, which are algebraically independent over K;
t is the ring of quotients with respect to K[x;, - - -, x,] of the prime ideal
generated in this ring by %, - - -, x,. These conditions imply that r is a regu-
lar local ring of dimension # and that x,, - - -, x, form a regular system of
parameters in t (cf. Definition 3, L.R., §III, p. 704). We shall say that
fxy, -+, x,.} is a special system of parameters in . Every special system of
parameters is regular, but not conversely.

Now, we introduce the smallest class(!) & of rings which satisfies the
following conditions:

(1) Every ring of type t(n; K) belongs to ©.

(2) If 0oE® and if p is a prime ideal in o, then o/p and o, belong to ©.

(3) If a local ring o belongs to ®, then any completion of o belongs to ®.

Our object is to investigate the common properties of all rings of ®. In
particular, we shall prove that every ring in @ is a local ring; we shall then be
justified in calling geometric local rings the rings which belong to ©.

To begin with, it is clear that the class of Noetherian rings has the proper-
ties (1), (2), (3). It follows that every ring in @ is Noetherian. Moreover,

(*) In order to avoid the difficulties of a logical nature which are involved in the considera-
tion of the class of all rings, we may limit ourselves to the consideration of those rings whose
elements belong to some a priori given set of suitably high cardinal number (the power of con-
tinuum will be sufficient in all geometric applications).
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a similar argument shows that, if o is any ring in @, the nonunits in o form
an ideal. In order to prove that every ring o in @ is a local ring, we still have
to prove that o contains a basic field in the sense of Definition 1, L.R., §III,
p. 701.

We shall say that a ring t is of type &(n, m; K) if the following conditions
are satisfied: r contains as a subring a ring 1o of type t(z; K); t contains a
completion ¥, of to; there exists a special system of parameters {xy, - - -, %}
in 1o such that r is the ring of quotients with respect to £, of the prime ideal

generated by Zmy1, - * *, % in To. We shall also say that {1, - - - , X} is a spe-
cial subset of v and that {xmy1, - + -, %.} is a special system of parameters in .
These conditions imply that x,, - - - , x, are analytically independent over K;

fo is the ring K[[xy, - - -, x,]] and t contains the field K((xy, - - - , %n)). The
nonunits in t form a prime ideal which is the ideal generated by x4y, - * - , %4,

and K((x1, - + -, *)) is a complete system of representatives for the residue
classes modulo the ideal of nonunits. It follows that t is a regular local ring
and that xpm4q, * * -, ¥, form a regular system of parameters in t. If m =0,

t coincides with the ring K [[x1, - - -, xa]].

We shall say that a ring 0 admits a nucleus t if the following conditions are
satisfied: (1) r is a ring which is either of the type t(n; K) or t(n, m; K);
(2) t is a subring of 0 and no element in t not equal to 0 becomes a zero
divisor in o; (3) there exists a subring & of o which contains r, which is finite
over t, and which has the property that o is the ring of quotients with respect
to & of some maximal prime ideal in &(%). If these conditions are satisfied,
we shall say that & is an intermediary ring in o with respect to r. It is clear
that a ring o which admits a nucleus is a local ring in which any basic field
of r is a basic field. An intermediary ring & is a semi-local ring (by Proposi-
tion 3, L.R., §II, p. 694), and the maximal prime ideals in & are the prime
ideals which contain the ideal of nonunits in r. We shall prove later that
every ring of the class & admits a nucleus.

LeEMMA 1. Assume that x,, - - - , x, are algebraically independent over a field
K which contains infinitely many elements. If y is an element of K [x1, - - - , %]
which does not belong to K, there exists a set { Y1, ot y,,} of n elements in
K%y, -+ -, x,] such that y1=y and such that K[xy, - - -, x,] is finite over

K[ylr Sty yn]~

Write y=P(x, - - -, %), where P is a polynomial of degree d >0 with
coefficients in K, and denote by F the homogeneous component of degree d
of P. Since K contains infinitely many elements, we can find elements
@z - -+, a, in K such that F(1, a, - - -, @,)5%0. Set y1=y, y:=x;—axy
(2 =7=n). Then, the coefficient of the highest power of X; in the polynomial
P(Xy1, Xo+asX,y, - - -, X,+a.X)) is not equal to 0; since P(x1, ys+ax;, - - -,

(®) This definition implies that this maximal prime ideal must contain all prime divisors
of &, for otherwise & would not be a subring of o.
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Ya+aa.x1) —y1=0, it follows that #; is integral over K[yy, - - -, y.] and there-
fore that K [xy, - - -, x,] is finite over K[y1, - + +, ya].

LEMMA 2(3). The situation being as described in Lemma 1, let p be a prime
ideal in K[xy, - - -, xa]. Then there exists a set of n elements vy, - - -, yn in
K(xi, - - -, x,] such that: (1) K[xy, - - -, %,] is finite over Ky, -+, 9.); (2)
the ideal p\OK [yy, + - + , ¥a] can be generated in K[y1, - -« , yn] bY Ymits * = = » P
where m is an integer less than n.

Let us say that a set { Y1y 0 o y,.} composed of 7 elements of
Klxy, - - -, x4 is a system of integrity(4) in this ring if K [%1, - - -, x.] is finite
over K[yy, « - -, ¥a]; let us say that a subset S of p is a set of integrity for p
if the following conditions are satisfied: S is contained in some system of
integrity of K [x1, - - -, #.], but no subset of p which strictly(®) contains .S
has the same property. Let { Yy, y,.} be a system of integrity which con-
tains a set of integrity {ym41, - - -, ¥a} for p. Then pOK [yy, + - - , ym] contains
only 0. In fact, assume for a moment that this set contains an element z50.
Since z2E&p, 3 does not belong to K; by Lemma 1, z belongs to a system of
integrity {zl, e, zm} in Kbrl, <., y,,.]. It is obvious that K[yl, .., yn] is
finiteover K [z1, + * * , Zm, ¥m41, * * * , ¥n]; therefore {21, « -+, Zm, Vg1, =+ » V)
is a system of integrity. But this is impossible because this set contains
{2, Yms1, -+ -, ¥a} which is a subset of p and strictly contains {Ymttr = = = s Pn}e
Since p contains Ym41, - - - , ¥, and has only 0 in common with K [yy, - - -, ym],
it is clear that p\K [y1, - - -, y.] is generated bY Ymi1, * * * 5 Va-

LeMMA 3(8). If o is a local ring, every nonunit in o which is not a zero divisor
belongs to some system of parameters in o.

Let y; be-a nonunit which is not a zero divisor, and let # be the dimension
of 0. Then o0/0y, is of dimension #’ <7 (cf. Proposition 6, L.R., §III, p. 702).
Let ys, - - -, ¥nr41 be elements of 0 whose residue classes modulo oy, form a
system of parameters in 0/o0y;. If a prime ideal p contains ¥, - - -, ¥,/31, then
p contains 0y;, and p/oy; is the ideal of nonunits in 0/oy;. It follows that p
is the ideal of nonunits in o. Since #’4+1=<#n, we have n’+1=#n and
Y1, ¢+ *, Yarq1 form a system of parameters in o.

LEMMA 4. Let 0 be a local ring of the form K [[xy, - - -+ , x,]] where xy, - - - , x4
are analytically independent over K. Let p and q be prime ideals in o such that

(®) Lemma 2 is substantially equivalent to a well known lemma due to Fr. Noether. For a
general proof of this lemma (including the case of a finite basic field), cf. O. Zariski, Foundations
of a general theory of birational correspondences, Trans. Amer. Math. Soc. vol. 53 (1943) pp. 506,
507.

(*) The systems of integrity in K [%;, - - -, 2] play a role which has a certain analogy with
the role played by systems of parameters in a local ring.

(%) We say that a set S’ strictly contains S if SC.S’, S=.S".

() The proof of Lemma 3 is implicitly contained in the proof of Proposition 7, L.R., §III,
p. 703.
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pCq. Then there exists a system of parameters { Yyttt y,.} in o such that
PNK [y, « - -, ¥a]] is the ideal generated in K [[y1, - - -, ¥a)] Y Yrs1, + + + , ¥n
and that gN\K [[y, - - -, ¥a]] is the ideal generated in K([[y, - - -, ya]] by
Ymily * * * s Va (m and r are integers such that m <r).

Let a be an ideal in a local ring 0. We say that a subset S of a is a parametric
set(") for a if S is contained in some system of parameters in o but no subset
of a which strictly contains S has the same property. Let {z, - -+, 2.}
be a system of parameters in K[[x1, - - -, x,]] which contains a parametric
set {z41,---,2,} of p. Then p has only 0 in common with the ring
K|[[z, - - -, 2]]. In fact, assume for a moment that pN\K[[z, - - -, 2.]]
contains an element #>0. Then « is not a unit; by Lemma 3, % belongs
to a system of parameters {ui, ---, %} in K[[z, - -+, 2.]]. It is clear
that K[[z1, - - -, 2.]] is finite over K[[u1, - - -, %s, 241, - =+, 2a]]; there-
fore the set { Uty ** cy Upy Zrgly * "t z,,} is a system of parameters in
K([[x1, - -+, x.]]. But this is impossible, since this set contains

Uy, Zrp1, tt z,.}, which is a subset of p and which strictly contains
{241, ++, 2a}. Since pNK[[z, -+, z]]={0}, it is clear that
pNK|[[z1, - - - , 2.]] is the ideal generated by 2,41, - - , 2.in K [[21, + - - , 2a]].

Proceeding in the same way, we can find a system of parameters
{yi, -+, 9} in K[[z, - - -, 2.]] such that qOK[[y, - - -, y.]] is the ideal
generated by Yms1, - -+, ¥rin K[[y1, - - -, 9-]] (where m is an integer). Set
y;=2; for i>r; we see easily that the set { L TECICIEN y,.} has the required
properties.

LEMMA 5. Let o be a ring which admits a nucleus v and let p be a prime
ideal in 0. Then o admits a nucleus v'Cr with the property that p(\t’ is the
ideal generated in v’ by a subset of some special system of parameters in t'.

Assume first that t is of type t(n; K), and let {xl, e, x,.} be a special
system of parameters in . By Lemma 2, we can find a subset {y1, - - +, ¥a}
of t such that (a) K[x;, - - -, x,] is finite over K[yi, - -+, ¥a] and (b)
PNK [y1, - - -, ¥a] is the ideal generated by ymy1, =+ +, ¥a in K[y, -y yal
The elements ym41, - + -, ¥ must belong to the ideal generated by xy, - + -, xa
in K[xy, - - -, x.]. If i <m, there exists an element a; K such that y;—a;=y/!
belongs to the ideal generated by x;, + + -, %, in K[xy, - - -+, %,]. In this case,
we take t’ to be the ring of quotients with respect to K[y{, -, ¥m,

Ymits * * + , ¥n] Of the ideal generated in thisringby y{, « « + , Y , Yms1, * * * » Ve
It is clear that pt’ is the ideal generated by ym41, - * -, ¥» in t’. Moreover,
the ring generated by K[x1, - - -, x.] and t’ is finite over t’.

Assume now that r is of the type ¥(n, m; K), and let {xl, ceey, xn} be a
special subset of t. If q is the maximal prime ideal of o, it follows from Lemma
4 that there exists a system of parameters {yl, N y,.} in K[[xy, - -+, %a]]
with the following properties: P \K[[y1, - - -, ¥.]] is the ideal generated

(") Observe the analogy with the proof of Lemma 2 above.
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by ¥r41, -+ ¢, ¥a in K[[yl, ce e, y,.]]; qf\K[[yl, «++, ya]] is the ideal gen-

erated by Ymry1, * + +, ¥ain K[[y1, - + +, ¥a]], where m’ and 7 are integers such
that m’<r. The ideal qNK[[xy, - - -, xa]]=(aN)NK[[xy, - - -, x.]] is
the ideal generated by %m41, - * +, %, in K[[x1, - - +, x.]] and is therefore

of dimension m. Since K|[[xy, - - -, x,]1/(aNK[[21, - - -, x,]]) is finite over
K[l - -, 9.]1/(@NK [y, - - -, ya]]), it follows that m’=m. In this case,
we denote by t’ the ring of quotients with respect to K[[y1, - - -, ¥a]] of
the ideal generated in this ring by Ym41, * * *, ¥a. It is clear that t’ is of type
t(n, m; K), that r'Co, and that pNt’ is the ideal generated in t’ by
Ye41y * * *» Yn. Moreover, the ring generated by t’ and K[[x1, - - -, x.]] is
finite over t’.

Let & be an intermediary ring of o with respect to r. Then we have
RED AR c,-c;=22_ 1@ixCk, @ixET. In the first case (that is, when t is of the
type t(n, K)) we can find an element d in K [xy, - - -, x,] which is such that d
is a unit in r and that da;,y,EK[xl, -+, x,] (154, 7, k<h). In the second
case, we can find an element dEK [[x,, - - -, x,]] which isa unit in r and which
is such that da;x €K [[x1, - - -, .]] (1=4, j, k<h). In the first case, we de-
note by 3’ the ring generated by t’, by the & elements d¢; (1 <4=<#), and by
K[xi, - - -, x,]; in the second case, we denote by 3’ the ring generated by t’,
by the elements dc;, and by K[[x, - - -, x,]]. In either case 3’ is finite over
v’. If qis the maximal prime ideal in o, ¢\t is the maximal prime ideal in t’
(because it contains ym41, * * *, ¥a). It follows that ¢N\3’ is a maximal prime
ideal in &’. The ring of quotients o’ of gM\J’ with respect to ' is clearly
contained in 0. We shall prove that o’ =bp. In the first case, d does not be-
lon‘g to ¢qN\K|[xy, - - -, x,]; in the second case, d does not belong to
qNK[[x1, - - -, x.]]. It follows that, in either case, d-! belongs to o’. We
clearly also have t(Co’; therefore & is contained in o/, and qN\& is contained
in the maximal prime ideal of o’. Since o is the ring of quotients of gN\J with
respect to &, we have o =0". It follows that t’ is a nucleus of o0, with the inter-
mediary ring J'.

LeMMA 6. Let o be a ring which admits a nucleus and let p be a prime ideal
in 0. Then o/p admits a nucleus.

By Lemma 5, we can find a nucleus t of o such that pNr is the ideal gen-
erated in r by a subset of some special system of parameters in r. It follows
immediately that r/(pMr) is either of the type t(r; K) or #(n, r; K) with suit-
able n, r, K. Let & be an intermediary ring of o with respect to r. Then
3/(pN ) is finite over r/(pMNr). Let q be the maximal prime ideal in o.
Then (gNJ)/(pNF) is a prime ideal in F/(pNSF) and contains the maximal
prime ideal (g/M\r)/(pNx) of r/(pMt); it is therefore a maximal prime ideal in
3/(»NJ). Any element of o may be written in the form a/b, with a, bES,
b€ q. Let a*, b* be the residue classes of @, ¥ modulo p. Then b* does not be-
long to (¢NJ)/(pNJ) and the residue class of a/b is a*/b*. It follows that
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o/p is the ring of quotients of (¢MNF)/(»NJ) with respect to I/(pNS).
Therefore, t/(pNt) is a nucleus of o/p.

LeEMMA 7. Let o be a ring which admits a nucleus t and let & be an inter-
mediary ring of o with respect to tv. Let p be a prime ideal tn 0. Let & be the sub-
ring of the ring of quotients of & which is generated by tync and . Then K is a
semi-local ring and pe= (pN\J) K is a maximal prime ideal in K. Let ¢ and ¢’
be the natural mappings of o into op and of & into Kyg; then, there exists an iso-
morphism 0 of Kpe with oy such that 0(¢p’(x)) =¢(x) for every x €Z. If pNx can
be generated by some subset of a special system of parameters in ¢, then 6(¢'(rpnr))
s a nucleus in oy and 0(¢’(R)) s an intermediary ring for oy with respect to this
nucleus.

Let v be the intersection of all primary components of the zero ideal in &
which are contained in p\J. Since o is the ring of quotients with respect to
& of a maximal prime ideal in &, o is the intersection of the primary com-
ponents of the zero ideal in o which are contained in p; o is therefore the
kernel of ¢(8), and o, is the ring of quotients of p/wo with respect to o/wo.
The ring & may also be considered as the ring of quotients with respect to &
of the complement .S of p/\r with respect to r. It follows that W& is the inter-
section of all primary components of the zero ideal in & which are contained
in pe; the ring R, is the ring of quotients of pe/WR with respect to K/WK.
Let Z be the ring of quotients of &, and therefore also of 0. The ring of quo-
tients of &/ may be identified with Z/wZ. The rings o/wo, & /W may be
identified with subrings of Z/wZ. The residue class modulo v of an element
of .S does not belong to p/wo and is therefore a unit in o/Wwo; it follows im-
mediately that .&/WR Coyp. The ring & is clearly finite over tpne; it follows
that ® is a semi-local ring (Proposition 3, L.R., §1I, p. 694). Since pg contains
the maximal prime ideal of tpny, it is 2 maximal prime ideal in ®. We have
(»NJ)/wCp/wo; it follows that pe/wR C(p/wo)oy and that KyeCop. On the
other hand, an element a €0 may be written in the form b/c, where b and ¢
are in § and c&EpN\F. The residue class a* of ¢ modulo W is equal to b*/c*,
where b* and c* are the residue classes of & and ¢ modulo W (since ¢ is not a
zero divisor in 0, ¢ does not belong to any of the prime divisors of W, and it
follows that c* is not a zero divisor) ; moreover, ¢* does not belong to (p\S) /1v.
It follows immediately that a*& &, whence 0/woC Rye. If aEp, we have
beEpNY and a*E&pe/W&; we conclude easily that o,= Ry,. When we have
identified o/w and &/w&R with subrings of Z/wZ, the elements ¢(x), ¢’'(x)
(where x €Z) have been identified with the same element, namely with the
residue class of x modulo wZ. The first part of Lemma 7 is thereby proved.

In order to prove the second part, we observe first that, since no element
not equal to 0 in t is a zero divisor in o, t is mapped isomorphically onto

(8) Cf. my paper On the ring of quotients of a prime ideal, Bull. Amer. Math. Soc. vol. 50
(1944) p. 93.
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¢(t) by ¢. Furthermore, since t has no element not equal to 0 in common with
any of the prime divisors of 1, ¢(tr) has no element not equal to 0 in common
with any of the prime divisors of the zero ideal in o/wo, which proves that
no element not equal to 0 in ¢(r) is a zero divisor in o,. The same holds, of
course, for 6(¢’(tyn:)), which is the ring of quotients of ¢(p/r) with respect
to ¢(r). Moreover, 6(¢’(R)) is clearly finite over 0(¢’(rpnr)), and we have
seen that o, is the ring of quotients with respect to 0(¢’(R)) of a maxi-
mal prime ideal in this ring. Assume now that p is generated by a subset
{1, =+ -, x,} of some special system of parameters in . If r is of type
t(n; K), let {xl, e, } be a special system of parameters in r which
contains {x,+1, e, x,.}. Then tyn: is the ring of quotients of the ideal
generatéd by %41, + * +, %a in K(xy, - - -, %) [%r41, - - -, x.] and is of type
r(n—r; K(xy, - - -, %,)). If v is of type ¥(n, m; K), let {xl, cee, x,.} be a
special subset in r which containg {x,+1, e, x,.}. Then tyne is the ring of
quotients of the ideal generated by %41,  + +, % in K [[xl, ce e, x,.]] and is
of type ¥(n, r; K). Lemma 7 is now completely proved.

Lemmas 5, 6 and 7 show that the class of rings which admit nuclei is
closed with respect to the operations of constructing factor rings or rings of
quotients of prime ideals. We shall now see that this class is also closed with
respect to the operation of completion.

LEMMA 8. Let t and & be rings which satisfy the following conditions: t is a
subring of & and & s finite over v; no element not equal to 0 in t is a zero divisor
in &; v is a regular local ring. Then S is a semi-local ring; the adherence T of t
in a completion T of & is a completion of t; no element not equal to 0 in T be-
comes a zero divisor in §; J is generated by t and . Let Z be the ring of quo-
tients of 3, and let R and R be the fields of quotients of v and t. Then the ring
of quotients of I is Zgz (where Z is regarded as a hypercomplex system over R).

Our first group of assertions follows immediately from Proposition 7, L.R.,
§11, p. 699, if we observe that a completion of r, being a regular ring, has no
zero divisor not equal to 0. We can take a base of Z/R which is composed
of elements of &; by Proposition 7, L.R., §II, p. 699, the elements of this
base are linearly independent with respect to f; it follows immediately that
the ring of quotients of & is Zz.

LEMMA 9. Let o be a ring which admits a nucleus t. Then the adherence
f of tin a completion B of o is a completion of t; b s finite over T and no element
not equal to 0 in T becomes a zero divisor in b; T is a nucleus for b, and b s gener-
ated by T and o. The prime divisors of the zero ideal in b all have the same dimen-
sion as B. If the zero ideal in o is an intersection of prime ideals, the same holds
for the zero ideal in .

Let & be an intermediary ring for o with respect to r; let § be a comple-
tion of & and let #; be the adherence of r in . If o is the ring of quotients of
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the maximal prime ideal M in &, there corresponds to M an idempotent € in
which has the following property: there exists an isomorphism 6 of Je (con-
sidered as a ring with unit element €) with § such that 8(xe) =x for xEZ
(cf. Proposition 8, L.R., §II, p. 700)(®). It is clear that 6(f:¢) is the adherence
of rin ; since no element not equal to 0 in f, is a zero divisor in §, # is isomor-
phic to f;e. Moreover, no element not equal to 0 in f¢ is a zero divisor in Je.
In fact, assume that (xe)(ye) =0, xEF, +#0, yEF; then xye=0, whence
ye=0, which proves our assertion.

If v is of type r(n; K), we have i=K|[[x1, - - -, xa]], with x, - - -, x,
analytically independent over K and f is of type #(n, 0; K). If t is of type
#n, m; K), we have t=K((x1, - * -, %m)) [[%m41, - - -, %a]] and  is of type
f(n—mr 0; K((xlt Tty xm)))’

Let fi be a prime divisor of the zero ideal in 5; in virtue of what we have
proved already, we have fiN\#=0. Since 5 is finite over %, §/fi is finite over a
ring which is isomorphic to #; making use of the corollary to Proposition 7,
L.R., §III, p. 703, we conclude that dim 9/fi=dim f=dim 5. Let R and R
be the field of quotients of r and of #1. If t is of type t(n; K), we have
R=K(xy, -+ -, %,) and R=K((x1, - - -, %a)); in this case, we have proved
elsewhere(1?) that R is separably generated over R. If t is of type #(n, m; K),
we have R=K((x1, - - * ,xn)) and R=K((x1, * * * , %)) ((Xmy1, * + -+, £,)). We
shall prove that, in this case also, R is separably generated over R. Let p
be the characteristic of K, which we assume to be not equal to 0. If a
finite extension of R is contained in RVY?/R, it is also contained in
Ku»((x}?, . - ., x%%))/R. In order to prove that R/R is separably generated,
it will be sufficient to prove that [KV»((x!/?, - . ., x}?)):R]=[KV?((x}7?,

cee, XM (Y2, - - -, x/7)):R]. (Observe that the numbers which occur
on both sides of this formula are finite, because [K :K?] is finite; this is the
only place where we need this assumption on K.) The left side of our formula
is equal to p*[K'»:K ], because we know that K((x1, - - -, x,)) is separably

generated over K. For the same reason, we have [KY?((x}?, - .., x}?))
:K((xy, - + -, %m))]=p™ [KY»:K]. Remembering that K((x1, -+ +, %m))
-((%my1, * * * ,%n)) is separably generated over K((xy, - « -, %)), we see that

the right side of the formula to be proved is equal to p»mpm[KV?: K|, that is,
also to the left side.

Having proved that the extension R/R is in every case separably gener-
ated, we observe that, if the zero ideal in 0 i$ an intersection of prime ideals,
the ring of quotients Z of o is a semi-simple hypercomplex system over R.
It follows that Zx is also semi-simple(!!). The ring of quotients of 5 is isomor-

(®) Proposition 8 is proved in L.R. only in the case of a ring without zero divisors. It has
been extended to the general case in my paper quoted in note (8) above.

(*9) Cf. On some properties of ideals in rings of power series, Trans. Amer. Math. Soc. vol. 55
(1944) Proposition 5, p. 147.

(1) Cf. the paper quoted in note (1) above, Proposition 3, p. 69.
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phic to Zze, which is again semi-simple. It follows that the zero ideal in 5 is
an intersection of prime ideals.

Remark. We have dim 5=dim f, whence dim 0 =dim r. We have therefore
also proved that, if a ring o admits a nucleus t, then o has the same dimension
as t.

Since the class of rings which admit nuclei is closed under the operations
by which we have defined the class , we see that every ring of the class &
admits a nucleus. In particular, every ring in ® is a local ring. We may there-
fore use the term geometric local ring to denote a ring of the class ©.

THEOREM 1. If 0 is a geometric local ring, the zero ideals in o and in a com-
pletion © of o are intersections of prime ideals which all have the same dimension
as 0. If p is a prime ideal in o, then Pd is an intersection of prime ideals in B.

Consider the class ®’ of rings which admit nuclei and in which the zero
ideal is an intersection of prime ideals. If 0&@®’, then a completion of o be-
longs to @’ by Lemma 9. Let p be a prime ideal in o; then o/p has a nucleus
by Lemma 6, and the zero ideal in o/p is prime. It follows that o/p is in @',
The ring op has a nucleus by Lemma 7. If ny, - - -, ng are the prime divisors
of the zero ideal in o which are contained in p, and if w=m;" - - - Mn,, then
the zero ideal in o/ is the intersection of the prime ideals n;/w (1=<7=g).
Since every primary component of the zero ideal in o is prime, 0p is a ring
of quotients of o/, which proves that the zero ideal in oy is an intersection
of prime ideals, and that 0,&€®’. It follows that  C®’, which proves the
first part of Theorem 1. The second part follows immediately if we observe
that o/p is a geometric local ring whose completion is 5/pd (by Proposition 3,
L.R,, §II, p. 699).,

THEOREM 2. Let o be a geometric Llocal ring, and let p be a prime ideal in o.
Then we have dim o/p+dim op=dim o.

Let r be a nucleus of o such that p\r is generated by a subset of some
special system of parameters in t (cf. Lemma 5). Then r/(pMr) is a nucleus
of 0o/p, and oy admits a nucleus isomorphic with ryn: (cf. proofs of Lemmas
6 and 7). The remark which follows the proof of Lemma 9 shows that
dim o/p=dim t/(pNr), dim op=dim tyn;, dim o=dim r. If tr is of type
t(n; K), let {xl, ceey, xn} be a special system of parameters in t which con-
tains a set of generators {x,+1, <. ,xn} for pMr. Then r/(pMr) is isomorphic
with the ring of quotients with respect to K[x;, - - -, x,] of the ideal gener-
ated by x4, - - -, x, in this ring and rpn; is the ring of quotients of the ideal
generated by %41, + + -, %, in K(x1, - - -, %,) [%,41, - - +, %a]. It follows that
dim t/(pNr) =7, dim tync=n—r, dim r=n, and our formula is proved in this
case. Assume now that r is of type ¥(n, m; K) and let {xi, - - -, x.} be a
special set in t which contains a system of generators {%,41, - - *, %} of pr.
Then t/(pNr) is isomorphic to the ring of quotients of the ideal generated
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bY %m41, -+ +, %rin K[[21, - - -, 2,]] and ryn: is the ring of quotients of the
ideal generated by %,41, * -+, %, in K[[x1, - - -, x,]]. Therefore we have now
dim £/(pMt) =7 —m, dim vpyne:=n—r, and dim r=7n—m. Theorem 2 is thereby
proved.

COROLLARY. Let 0 be a geometric local ring, and let {x1, - - - , %} be a sys-
tem of parameters in 0. Let m be an integer less than n, and let p be a minimal
prime divisor of the ideal generated by Xmi1, - * * , Xn in 0. Then p is of dimen-
sion m; the residue classes of x1, - + - , Xm modulo p form a system of parameters
in o/p; the images of Xmy1, * « +, %a by the natural homomorphism of o onto
0p form a system of parameters in op.

Let ¢ be the natural homomorphism of o into 0,. We know that the
prime ideals in oy correspond in a one-to-one way to the prime ideals in o
which are contained in p. It follows immediately that the only prime ideal
in oy to contain ¢(Xm41), - - -, P(x,) is the maximal ideal ¢(p)op of oy. There-
fore, we have dim o, <7 —m. If a prime ideal in 0 contains pand %1, * * + , X,
it is the ideal of nonunits. It follows that the only prime ideal in 0/p to con-
tain the residue classes of %y, + + -, 2, is the ideal of nonunits in o/p. There-
fore we have dim o/p=<m. It follows from Theorem 2 that dim o/p=m,
dim oy =7 —m. The other assertions contained in the corollary follow immedi-
ately.

2. Equidimensional rings and the notion of multiplicity. In L.R. we have
defined(*?) the notion of the multiplicity of a complete local ring o without
any zero divisor not equal to 0 with respect to a system of parameters in o.
We shall now generalize this definition so as to include certain local rings
which have zero divisors or are not complete.

DEFINITION 1. A complete local ring o is said to be equidimensional if the
prime divisors of the zero ideal in o have all the same dimension as o itself. An
arbitrary local ring is said to be equidimensional if its completion is equidimen-
stonal.

We shall first give an equivalent characterization of complete equidimen-
sional rings.

PRrROPOSITION 1. Let 0 be a complete local ring. Let K be a basic field of o
and let {uy, - - -, u.} be a system of parameters in o. The following two state-
ments are equivalent: (1) o is equidimensional; (2) no element not equal to 0 in
K|[[uy, - - -, u.]] is a zero divisor in o.

Set r=K[[u1, - - -, u,]]. Let n be a prime divisor of the zero ideal in o.
Since o is a finite r-module, o/n is a finite module over t/(nMt); it follows
that o/n has the same dimension as t/(nMt) (cf. corollary to Proposition 7,
§I1I, L.R., p. 703). It follows that, if o is equidimensional, we have

() Cf. Definition 1, L.R., §IV, p. 707.
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dim t/(nMr) =7 for every n, whence nNr= { 0} (cf. Proposition 6, §I1I, L.R.,
p. 703) and therefore t does not contain any zero divisor in o not equal to 0.
Conversely, if (2) holds, we have nMNr= {0} for every n, whence dim o/n=r,
and o is equidimensional.

If o is a complete equidimensional local ring, the zero ideal in o has no
imbedded prime divisor. In fact, if n;, n; are two distinct prime ideals in o
such that mCne, the ring o/n; is isomorphic to (o/mi)(ns/m), whence
dim o/n,<dim o/n; by Propositon 6, §II1, L.R., p. 703. It follows that there
exists a unique irredundant representation {0} =qM - - - Mg, of the zero
ideal in o as intersection of primary ideals. We denote by n, the associated
prime ideal of qx and by I; the length of qi (1<k=#). The residue classes
Uik * * vy Urk Of uy, - - -, 4, modulo n; form a system of parameters in o/ny
(cf. Proposition 1, L.R., §III, p. 701). Denote by e; the multiplicity of o/mn
with respect to this system of parameters, and set

h
(1) e = Z exl.
k=1
DEFINITION 2. The number e defined by formula (1) is called the multiplicity
of 0 with respect to the system of parameters {u;, CECEEI 755 N

ProproSITION 2. The notation being as in Proposition 1, let e be the multi-
plicity of o with respect to {uy, - - -, u,}. Then we have [0:K[[u1, - - -, u,]]]
=e[o/m:K], where m is the ideal of nonunits in o.

The ring of quotients & of o is a hypercomplex system over the field of quo-
tients K ((u1, - + -, %,)) of K[[wg, + - - ,u.]],and we have [S: K ((uy, « - - , u,))]
=[o0:K[[w, - - - ,u,]]]. The prime’ideals in & are the ideals ;& (1<k=<h);
the primary component of 1;& in the zero ideal of & is q:& and the length of
S is I (cf. Lemmas 2, 3, L.R., §I, p. 691). Making use of Lemma 1, L.R.,
§IV, p. 705, we obtain the formula [S:K((uy, - - -, %)) ] =D 1-1 k[S/mS
:K((uy, - - -, u,))]. But S/m& is isomorphic to the field of quotients of
o/m, whence [S/mS:K((u1, - -, u))]=[o/m:K[[urp, - -+, #2]]]
=er[(0/m)/(m/m): K] =ex[0/m:K] (cf. L.R., Theorem 2, p. 706). Proposition
2 is thereby proved.

DEerFINITION 3. Let o be an equidimensional local ring, and let
{wy, - - -, u,} == be a system of paramelers in o. The multiplicity of o with
respect to 2 is defined to be equal to the multiplicity of the completion b of o with re-
spect to Z; this multiplicity will be denoted by e(0; Z) or e(o; uy, « + « , u,). (Ob-
serve that Z is a system of parameters in § by Proposition 2, L.R., §11I1, p. 701.)

It follows from Theorem 1, §1, p. 11 that a geometric local ring o is
equidimensional (because a completion of o is also a geometric local ring).
Let my, - - -, n, be the prime divisors of the zero ideal in o, and let
{ul, cee, u,} be a system of parameters in 0. We denote by %, the residue
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class of #; modulo n; (1=7=<r, 1<k =<g). The elements us, - - -, #s form a
system of parameters in o/m, and we have

g

(2) e(0; w1, -+, ) = O e(0/My; tany + + + , Urk).

K1

In fact, let 3 be a completion of 0. Then n:d is an intersection of prime ideals
firs in & (1<1=<m:), and 5/fix; has the same dimension as 5, which proves
that each fix; is a prime divisor of the zero ideal in 3. Conversely, let fi be any
prime divisor of the zero ideal in 5. Since no nonzero divisor in o becomes a
zero divisor in § (Proposition 6, §II, L.R., p. 699), we see that the elements
of fiMo are zero divisors in o, whence filf\o =mn; for some k; it follows that #i
is one of the ideals fi;;. Let u;,; be the residue class of #; modulo fi;; it fol-
lows immediately from Definition 3 that

g mk

e(o; uy, - -+, ) = E e(d/Tik; wa,kty * * ¢y Ur k1),
k1, el

mk
e(0/Mk; Unky » ** U n) = O €(D/Ths; Urht, + + * y s k1)
l=1
Formula (2) is thereby proved.

Now, let p be a prime ideal in a geometric local ring 0. Then o/p is a
geometric local ring. Let 5 be a completion of o; we know that pd is an inter-
section of prime ideals §,, - - -, fi; which are all of the same dimension as p
(cf. corollary to Theorem 2, §1, p. 11). Let %, - - -, %, be elements of o
whose residue classes %7, - - -, %.* modulo p form a system of parameters in
o/p. Then the residue classes u};, - - -, #}y of %y, - - -, u, modulo §i form a
system of parameters in /§z, and we have clearly

* * L . * *
(3) e(o/p; ut, -+ -y s) = 2 e(B/Bui wrn, -+ s Ua,).
k=1
PROPOSITION 3. Let 0 be an equidimensional local ring, and let { uy, - -, u,}
and { v, o, v,} be two systems of parameters in o. If the ideals > . ou; and
D i-100; are equal, we have e(0; uy, - - -, u.) =e(0; vy, - - -, ).

Let 5 be a completion of o. If D ou;= ov;, we have also D du;=) ov;.
Let n be a prime divisor of the zero ideal in 5, and let »¥, v} be the residue
classes of u;, v; respectively modulo n. Then we have Y (5/m)u*=2_(5/n)v}.
Proposition 3 therefore follows from Proposition 1, L.R., §IV, p. 707.

THEOREM 3. Let 0 be an equidimensional local ring, and let {uy, - - -, u,}
be a system of parameters in o. Then, the following two assertions are equivalent:
(1) o is regular and w,, - - -, u. form a regular system of parameters in o;
(2) the number e(o; w1, - * -, u,) 1s equal to 1.
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It is obviously sufficient to prove Theorem 3 in the case where o is com-
plete. Let then K be a basic field of o, and let 7y, - - -, v be elements of o
whose residue classes modulo the maximal prime ideal m form a base of o/m
with respect to K. If (1) holds, we have 0= ¢ K [[us, - - -, u,]]o: (cf. proof
of Proposition 4, L.R., §II, p. 695), whence [o:K[[uy, -- -, u.]]]=d
= [o/m:K]. It follows that e(o; %1, « + -, u,) =1; since e(0; %1, - - -, %,) is an
integer greater than 0, we see that (2) holds. In order to prove the converse,
we make use of the theorem of Cohen(*®) which says that o contains a basic
field K’ which is a complete system of representatives for the residue classes
modulo m. Assuming that (2) holds, we then have [o:K'[[us, - - -, u,]]]
= [o/m:K’]=1. This means that o is contained in K'((%1, - - - , %,)). On the
other hand, it is well known that K’[[uy, - - -, %,]] is integrally closed in its
field of quotients(!); since o is finite over K'[[uy, - - -, u,]], it follows that
o=K'[[us, - - -, u.]], which proves that (1) holds.

Remark. We shall have to apply Theorem 3 only in cases where the
theorem of Cohen can be established by making use of Proposition 3, L.R.,
$III, p. 702.

3. Kroneckerian products of complete rings. Let o be a complete semi-
local ring. Assume that o contains a field K (with infinitely many elements)
which has the following property: if a is the product of the maximal prime
ideals in o, then o/a is finite over K. We shall -then say that K is a basic
field of o.

Assume that p admits a basic field K. Then o may be considered as a
topological vector space over K, in general of infinite dimension(1%). From the
fact that o/a is finite over K, it follows easily that o/a* is finite over K for
every k. On the other hand, there exists a-definite homomorphism w; which
maps o/a**! onto o/a* (if xEo, the image by w; of the residue class of x
modulo a**! is the residue class of x modulo a*). It follows that the finite-
dimensional spaces o/a* form, together with the mappings wi, an inverse
system of vector spaces(!). Since o is complete, we see immediately that the
projective limit of this inverse system is o. It follows that o, considered as a
topological vector space over K, is linearly compact and that the Hausdorff
countability axioms hold in o.

Let IR be any linearly compact vector space over K in which the count-
ability axioms hold. Then I is isomorphic to a product of countably many
one-dimensional vector spaces('?). A subset 4 of M is said to be null-con-

(1%) The proof of this theorem has not yet been published.

() This follows for instance from Satz 6 in Krull, Dimensionstheorie in Stellenringe,
J. Reine Angew. Math. vol. 179 (1938) p. 209. It is also a consequence of Proposition I, §7,
part I1, p. 47.

(1) For the theory of topological vector spaces over a discrete field, cf. Lefschetz, Algebraic
Topology, Amer. Math. Soc. Colloquium Publications, 1942, chap. 2, pp. 72-83.

(*¢) Compare loc. cit. note (*) above, 25.4, p. 75.

(") Compare loc. cit. note (*) above, 32.1, p. 83.
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vergent if, given any neighbourhood of 0 in M, 4 contains only a finite num-
ber of elements outside this neighbourhood. Such a set is necessarily count-
able. If we assign to every element x in the set an element a(x) in K, then the
sum Z,EAa(x)x has a meaning in M. Let £(A4) be the set of elements which
can be represented in the form D _.e4a(x)x, with a suitable choice of coeffi-
cients a(x). We shall see that 2(4) is a closed subspace of M. The set of all
mappings x—a(x) of A into K is clearly a vector space over K and is iso-
morphic to the product of countably many one-dimensional spaces. If we give
to this space its product topology, it becomes a linearly compact space .
It is clear that £(A4) is the image of % by a continuous linear mapping of %A
into M. It follows that 8(4) is linearly compact, and therefore closed.

If an element of £(4) can be represented in the form ). 4a(x)x in only
one way, then we say that the elements of 4 are strongly linearly independent
over K, and that A is a strong base of (4) over K. Since every closed vector
subspace of M is linearly compact, it is isomorphic to a product of countably
many one-dimensional spaces, and therefore it has a strong base. If the ele-
ments of a set A are strongly linearly independent over K, then A can be included
in a strong base of M. In fact, the factor space M/R(4) is clearly a linearly
compact vector space; let B* be a strong base in this space. Let (V) be a
sequence of neighbourhoods of 0 in I whose intersection contains only 0.
Then B* contains only a finite number of elements outside the set
Ni+2(4)/%(4). 1t follows easily that we can find a subset B of M such that
the residue classes of the elements of B modulo £(4) are the elements of B*
and that B contains only a finite number of elements outside any given N;.
We may furthermore assume that no two distinct elements of B are con-
gruent to each other modulo £(4). It is then easy to check that AUB is a
strong base in M.

Let o be a complete semi-local ring which admits a basic field K. Let B
be a strong base of o with respect to K. Then we may express every #€o in
the form ) _.cpa(%; x)x, a(u, x) EK. Let K2 be the product of as many copies
of K as there are elements in B, so that to every x B there corresponds an
x-coordinate in KB, If we assign to every #&po the element of K2 whose
x-coordinate is a(%; x), we obtain a linear homeomorphism of o with KB,
If x and y are any two elements of B, then xy may be expressed in the form
> .ena(x, ¥, 2)z. Remembering that the multiplication in a semi-local ring
is a continuous operation, we see that there corresponds to every zEB a
finite subset B, of B such that a(x, y, 2) =0 if at least one of the elements
x and y does not belong to B..

Let now o’ be another complete semi-local ring which admits a basic
field K’, and assume that K and K’ are both subfields of some field M. Let B’
be a strong base of o’ with respect to K, and let x'y'=> .ecpa'(x’,y’, ")z’
be the formulas which define the multiplication in o’. The set MBXB’ of all
mappings (x, x')—c(x, x’) of BXB' into M is a linearly compact vector space
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over M (it is the product of as many copies of M as there are elements in
BXB'). If x&B, x’EB’, we denote by x[Jx’ the element of MBXB’ which
assigns 1 to (x, x”) and 0 to every other element of B XB’. The elements x[Jx’
clearly form a strong base of M3XE’ over M.

We shall now define a multiplication in MBX8’ by setting

( 2 oz, 2Nx 0 x') ( xZ; d(x, z")x x’)

z,z’
= Z c(xY x’)d(y’ y’)a(x’ y’ z)a,(x’9 y” z’)z D z,’
z,z2' 9,y 2,2’

The sextuple sum on the right side has a meaning in virtue of the proper-
ties stated above of a(x, ¥, z) and a’(x’, y’, 2’). It is easy to check that this
multiplication defines a structure of ring in MBX8’, Let Y _.e(x’)x’ (e(x’) EK’)
be the representation of the unit element of o’ as linear combination of the
elements of B’. Then the elements of the form Y. .-b(x)e(x")x[Jx’ (b(x) EK)
form a subring of our ring, and this subring is isomorphic to o (in the algebriac
and in the topological sense). In a similar way, we can construct a subring
which is isomorphic with o’. We shall identify these rings with o and o’ re-
spectively; let then © be the ring which we have constructed. The element
x[Jx’ becomes identical with the product of x and x’ in .

We shall prove that the structure of © does not depend upon the choices
of the bases B and B’. We observe first that, if 4 is a null-convergent set in o,
it is also null-convergent in O, and that a symbol of the form > .c4b(u)u
(with b(#) €EK) has the same meaning in o and in O('®). Furthermore, if 4’
is a null-convergent set in o/, the set 44’ composed of the elements
un’ (WEA, uw'E4’) is null-convergent in . This being said, let B* and B'*
be any strong bases in 0 and o’, and let £0* be the ring which is constructed
with the help of B* and B’* in the same way as © was constructed with the
help of B and B’. If x*EB*, x’*& B'*, we denote by (x*x’*)* the product of x*
and x’* in ©* and by x*x’* the product of these elements in O. If we set
S e orec(x*, x™*) ((x*x"*)*) =D o0 oec(x*, x'*)x*x'*, we clearly obtain a con-
tinuous homomorphism ¢ of O* into O, which is also a linear mapping of O*
into O, considered as a vector space over L. Furthermore, ¢ coincides with
the identity on o and o’. In a similar way, we can construct a continuous
linear homomorphism ¢* of © into O* which coincides with the identity on
o and o’. Then ¢ o ¢* is a continuous linear homomorphism of O into itself
which coincides with the identity on o and o’. It follows immediately that
¢ o ¢* is the identity mapping. The same argument shows that ¢* o ¢ is the
identity mapping of O* into itself. It follows that ¢ and ¢* are isomorphisms,
which proves our assertion.

The ring © which was constructed above is called a Kroneckerian product
of 0 and o’ over M.

(*8) This, because 0 is a subspace of O.
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Our considerations apply in particular to the case where 0’ =K' is a field
containing K; taking M =K’, the Kronecker product of o and K’ over K’
will be denoted by ox-(?).

LEMMA 1. Let A be a null-convergent set of strongly linearly independent
elements in o; let A’ be a null-convergent set of strongly linearly independent
elements in o’. Then the elements uu’, uCA, u' CA’ are strongly linearly inde-
pendent with respect to-M in .

Lemma 1 follows immediately from the fact that 4 and 4’ can be im-
bedded in strong bases of o and o’ respectively.

LEMMA 2. Let u be a nonzero divisor in o and let u’ be a nonzero divisor in o’.
Then uu' is not a zero divisor in .

Let B and B’ be strong bases in o and o’ respectively. Since % is not a
zero divisor, the elements ux, xEB, are strongly linearly independent in o.
Similarly, the elements »’x’, x’ €B’, are strongly linearly independent in o’.
It follows from Lemma 1 that the elements uu’xx’, x €B, x' €B’, are strongly
linearly independent in . Since the elements xx’ form a strong base of D, it
follows that uu’ is not a zero divisor in .

LeMMA 3. Let u be an ideal in o, and let u’ be an ideal in o’. Let v be the
ideal generated by u and u’ in O. Then we have WMo =u, w\o'=u’. The ring
O/w is a Kroneckerian product of o/u and o’ /u’ over M. In particular, if K’
is a field containing K, then nwog-MNo=1uand ox'/wox = (o/u) k.

We know that u and u’ are closed in 0 and o’ respectively (cf. Lemma 6,
L.R., §II, p. 695). It follows that we can find strong bases B and B’ of 0 and o’
respectively which contain as subsets strong bases By and By of u and w’.
We may furthermore assume that B and B’ contain the unit elements of their
respective rings. Let C be the set of elements xx’ where x€B, x’&€B’ and
either x € By or ' € B It is clear that the elements of C form a strong base
of v with respect to M, whence wMNo=u, wo’=u’. Let B* and B’* be the.
complements of By and By with respect to B and B’ respectively. The residue
classes modulo u-of the elements of B* form a strong base in 0/u; the residue
classes modulo u’ of the elements of B’* form a strong base in o’/u’. The
complement of C with respect to the set BB’ of elements of the form xx’,
xEB, x'EB’ is the set B*B’*, and the residue classes of the elements of
B*B’* modulo  form a strong base in O/w. It follows immediately that
O/w is a Kroneckerian product of o/u and o’/u’ over M. The statements

contained in the end of Lemma 3 are proved by taking u’ to the zero ideal
in K'.

(1) If o is a hypercomplex system over K, the ring ok, as defined here, coincides with the
ring which is usually denoted by this symbol.
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We shall now turn our attention to a special kind of complete semi-local
rings.

LEMMA 4. Assume that there exist finite subsets {xi, - -, x.} and
{xf,---, x,','} of 0 and o’ respectively with the following properties: xy, + + - , x,
are analytically independent over K; x{, - - - , x,» are analytically independent
over K'; o is finite over K[[x,, - - -, xa]]; 0 is finite over K'[[x{, - - -, xL]];
no element not equal to 0 in K[[x1, - - -, x.]] is a zero divisor in o; no element
not equal to 0 in K'[[x{, - - -, x4]] is a zero divisor in o’. Then xy, - - - , x,,
x{, -, xp are analytically independent over M in O; O is finite over
M[[xy, + - - %n xf, - - -, x5 1] and is generated over this ring by o and o’: no
element not equal to 0 in M[[x1, - - -, xn, 2, - - -, x0]] 45 @ zero divisor in .
We have

[O:M[[21, - -+, %, Xy, e, x,l.']]]
= [D:K[[xla Tty xn]]] [0,:K’[[x’1, ) x:t']]]

The first statement follows immediately from Lemma 1 applied to the
elements % - - - x% and 2} - - - x2{" (with 0Ze, - - -, en &f, - - - , eqr < ),
Let O, be the subring of O generated by M|[[x, - - -, xn, x{, - - -, x]]
and by o and o’. Then O is finite over M[[x1, - - - , %a, f, - - -, %,]] and
is therefore a complete semi-local ring (Proposition 3, L.R., §II, p. 694). Let
B and B’ be strong bases of o and o’ respectively. Then £, contains the
elements xx’, x&B, x’€B’. Denote by a the product of the maximal prime
ideals in o, by a’ the product of the maximal prime ideals in o’, by r the ideal
generated by %y, - - -, x, in 0 and by 1’ the ideal generated by «f, - - - , x/,
in o’. Since every maximal prime ideal of o contains r and since q is also the
intersection of the maximal prime ideals of o, we have tCa. The ring 0/a is a
hypercomplex system over the field K[[x1, - - -, 2] ]/(@NK[[21, - - - )
=K. It follows that the product of the prime ideals in 0/a is nilpotent, whence
a*Cr for some k. In the same way, we see that t'Ca’, a’*Cy’ for some 4’.
It follows that the powers of ¢ form a fundamental system of neighbourhoods
of 0 in 0 and that the powers of ¢’ form a fundamental system of neighbour-
hoods of 0 in o’. Let ¥ be the ideal generated by ¢ and ¢’ in Oy; then the
powers of %X form a fundamental system of neighbourhoods of 0 in the semi-
local ring topology of ©.. It follows immediately that the identity mapping
of O into O is continuous. We conclude that, if ¢(x, x’) €M, the symbol
z,,,:c(x, x’)xx’ has the same meaning in O, as in O. It follows immediately
that ©,=90.

Let { Uy, +c v, ud} be a maximal system of elements of o which are linearly
independent with respect to K[[x, - - -, x,]] and let {«{, - - -, u}} be a
maximal system of elements of o’ which are linearly independent with re-
spect to K'[[x{, - - -, x..]]. Then it follows from Lemma 1 that the ele-
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ments x - - - xi* x - xrumh (0Zey, .-, en €, -, €<,
1<i=d, 1.4’ <d’) are strongly linearly independent over M in . On the
other hand, there exist elements v and v’ in K[[xy, - - -, x.]] and
K'[[x{, - -, xy]] respectively such that yoCD ¢ K[[xs, - - -, xn]]us
v CO b K [[2f, -+ -, 2 ]]ub. It follows that ¥y'oCY &4 M([[xy, - - -,
Xy %d, + + + %] Jui. Let £ be an element not equal to 0 in M|[[xy, - - -, %,
%!, --, %]] and assume that £=0, {EO. We express yy'¢ in the
form Doz vty ZivEM[[xy, « - -, xa %, - -+, %y]] and we have
Zi,;lfz;,.-:u;u{’ =0, whence £2;,;» =0 for all (4; ¢') in virtue of what was proved
above. It follows that 2;,;, =0, whence yy’t =0. But vy’ is not a zero divisor
in O (Lemma 2); it follows that { =0. Moreover, we see that the dd’ elements
uuy form a maximal system of elements of O which are linearly independent
over M[[x1, -+, %u, 2{, -+ , % ]]. Lemma 4 is completely proved.

ey, .
1

LEMMA 5. Let 0 be a complete semi-local ring which admits a basic field K.
Assume that o contains n elements xi, - - - , x, Which satisfy the conditions formu-
lated in Lemma 4. Let K* be a field containing K. Then x,, - - - , x, are analyt-
ically independent over K* in o0g-; ox- is finite over K*[[x1, - - -, x,]] and is
generated by K*[[x1, - - -, x.]] and o. The ring of quotients of ox+ contains
X*=K*((x1, - * -, xa)). If the ring of quotients Z of o is regarded as a hyper-
complex system over X =K ((x1, - -+, %5)), the ring of quotients of oge is Zx-.

Lemma 5 can be deduced immediately from Lemma 4, applied to the
case where o’ =K’=K*= M. The set {x{, - - -, x,} must be taken here to
be the empty set. The fact that the ring of quotients Z* of 0g- is Z x+ follows
from the facts that Z* is generated by X* and Z and that (in virtue of
Lemma 4) [Z*: X*]=[Z:X].

An idempotent € contained in a ring o is said to be a primitive idempotent
in this ring if it cannot be represented as the sum of two idempotents be-
longing to oe. It follows from Proposition 2, L.R., §II, p. 693 that the primi-
tive idempotents contained in a complete semi-local ring correspond in a
one-to-one way to the maximal prime ideals in the ring.

LEMMA 6. The situation being as described in Lemma 5, assume furthermore
that o is a complete local ring. Let € be a primitive idempotent in og-. Then
ox+€ s a complete local ring. If {yl, cee, y,.} is any system of paramelers in o,
then { Vi€ ¢ ¢ oy y,.e} form a system of parameters in ox-€, and no element not
equal to 0 in K*e[[y1€, - - -, ya€]] is a zero divisor in ox-e. If uCo, the equality
ue=0 implies u=0. Let m be the maximal prime ideal in o. If Mox-€ is prime,
we have e(0x+€; V1€, * * , Yn€) =€(0; Y1, * - *, Ya). The condition that mok-e
should be a prime ideal is certainly satisfied if K*/K is a separably generated
extension.

If p* is the maximal prime ideal in og. which corresponds to ¢, the set
p*e contains all nonunits of ox-e and is a prime ideal. It follows that ox-e
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is a complete local ring with K*e as a basic field. It follows from the assump-
tions contained in the statement of Lemma 5 that o is an equidimensional
local ring, and therefore that i, « « -, ¥, satisfy the same conditions as
%1, - - -, %, (cf. Proposition 1, §2, p. 12). By Lemma 5, ¥, - - -, ¥, are
analytically independent over K* in ok, 0k is finite over K*[[y1, - - + , ¥a]]
and no element not equal to 0 in K*[[yy, - - -, y.]] is a zero divisor in ok-.
It follows from this last fact that K*[[y1, - - -, y.]] is mapped isomorphically
onto K*e[ [y, - - -, y.€]] by the mapping y—ye. Let y be an element not
equal to 0 in K*[[y1, - - -, ¥a]], and assume that (ye)(ze) =0, 2E0k-; then
yze=0, whence ze=0, which proves that no element not equal to 0 in
K*e[[y€, -+ - -, ya€]] is a zero divisor in oxee. Since pgee is finite over
K*e[[y1€, - - -, ya€]], the elements y:¢, - - -, y,¢ form a system of parameters
in px-€ (cf. corollary to Proposition 7, L.R., §III, p. 703).

We can find a separable algebraic extension K**/K* of K* which is normal
over both K and K* (that is, if an irreducible polynomial with coefficients
in K or K* has a linear factor in K**, then it splits into a product of linear
factors in K**). It is clear that ox+=(0x+) g+, 0g+€=(0k+€)x+; moreover,
0k € contains some primitive idempotent €* in og+. Let P be the field o/m,
which will be considered as a hypercomplex system over K. It follows from
Lemma 3 that og+/Mogs=Pg+, Oge/Moge+=Pg+, and oge€/Mogee
= (pg-€/Mox+€) goec. If the extension K*/K is separably generated, ogx+/mok-
is semi-simple, which proves that mog- is an intersection of prime ideals and
that moxk-e is prime. If mok-e is prime, then ox+e/mox+e€ is semi-simple (be-
cause the extension K**/K* is separable) and mog--€* is prime. It follows that
it will be sufficient to prove the assertions contained in the end of Lemma 6 in
the case where K* is normal over K (because, if this is done, we can apply
Lemma 6 to the pairs (0, K**) and (ox+€, K**¢)).

The idempotents in P+ correspond in a one-to-one way to the irreducible
representations of P in K*(2%). If K* is normal over K, these representations
are all conjugate to each other, that is, they can be deduced from each other
by automorphisms of K*/K(?!). Every automorphism ¢ of K*/K may be
extended to an automorphism (also denoted by ¢) of og+ which leaves in-
variant the elements of 0. Such an automorphism permutes among themselves
the maximal prime ideals in ox. and therefore also the primitive idempotents

(2% Cf. Jacobson, Theory of rings, Mathematical Surveys, vol. 2, 1943, Theorem 1, chap. 5,
p. 93.
(2Y) This can be seen in the following way. Let P1/K be the largest separable extension of K
contained in P/K; since P/P, is purely unseparable, a representation of P in K* is uniquely
determined by the representation of P; which it induces. Let ¢ be an element of P; such that
P;=K(¢). The conjugates of { with respect to K fall in a certain number of equivalence classes,
two members belonging to the same class if and only if they are conjugate with respect to K*.
The representations of P, in K* correspond in a one-to-one way to these classes. If K* is the alge-
braic closure of K*, the conjugates of ¢ with respect to K can be deduced from each other by
automorphisms of K*/K. Since K* is normal over K, these automorphisms map K* upon
itself, and our assertion follows from this fact.
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in og.. If we observe that the maximal prime ideals in ok correspond in a
one-to-one way to the primitive idempotents in Pk-, we see that the primitive
idempotents in 0g- are permuted fransitively by the automorphisms o. Let
€, - * + , € be these primitive idempotents (with ¢, =¢). If % is an element of o
such that #e=0, we have also #(ce) =0, whence u(e+ - - - +¢)=u=0.
Moreover, the numbers e(ox-€;; y1€;, - - -, Ya€:) are all equal to each other.
Let e be their common value. Then we have (Proposition 2, §2, p. 13)

[Z*e;:K*e;[[yle;, s, yne;]]] = e[ome;/m;*e;:K*e;]

where Z* is the ring of quotients of og- and where m®* is the maximal prime
ideal which corresponds to €;. If mog-e is prime, then mox-¢; is prime for every
¢ and m¥e=mog-e;. The hypercomplex system Pg. is semi-simple, and
ox+e;/m¥e; is one of the fields, say P;, of which Pg- is the direct sum.
The number p= [og-¢;/m¥e;:K*e;] does not depend on 4, and we have
gp=[Px+:K*]=[P:K]=[o/m:K]. On the other hand, we have [Z*:K*]
=X [Z*::K*e;] =egp=e[o/m:K]. If Z is the ring of quotients of o,
we have also [Z*:K*]=[Z:K]=e(0; 1, -+, ya) - [)/m:K], whence
e=e(0;y1, * -+, ¥s). Lemma 6 is thereby proved.
4. Proof of the theorem of transition.

THEOREM 4 (THEOREM OF TRANSITION). Let o be a geometric local ring,
and let p be a prime ideal in 0. Let b be a completion of o, and let § be a minimal
prime divisor of pd in b. Then §M\o=Y, and p has the same dimension as p.
Denote by ¢ and & the natural homomorphisms of o into oy and of 5 into B; re-
spectively. Let x,41, * + - , xn be elements of o such that ¢(x.41), + + - , $(xn) form
a system of parameters in o;. Then §(xr41), * « -+, $(x,) form a system of parame-

ters in by, and we have

e(D5; $(2r1), - -+, $(2n)) = €(0p; (xr41), - - - 5 (%))

Let t be a nucleus of o such that p/\t can be generated by a subset of
some special system of parameters in t (cf. Lemma 5, §1, p. 6). Then t is
either of the type t(#; K) or #(n, m; K). In the first case, we set m =0, so that
the dimension of o is # —m in any case. We have dim op=7—r, whence by
Theorem 2, §1, p. 11, dim o/p=7—m. Since dim tyne=dim o, (cf. Lemma 7,
§1, p. 8), we may denote by {y,.H, ceey, yn} the subset of a special system
of parameters {y,,.+1, oo ,«yn} in r which generates p/Mr.

The ideal §/pd is a prime divisor of the zero ideal in 5/p3, which is a com-
pletion of o/p (cf. Proposition 5, L. R., §II, p. 699). Since no element not
equal to 0 in o/p becomes a zero divisor in 5/pd (cf. Propasition 6, L. R., §1I,
p- 699) we have (§/p5)M\(o/p) = {0}, whence §Mo=p. Moreover, o/p is a geo-
metric local ring. It follows from Theorem 1, §1, p. 11 that dim 5/
=dim 5/pd=dim o/p=r—m. The ideal § contains some minimal prime di-
visor §’ of the ideal generated by y,41, - - + , ¥ in 8. By the corollary to Theo-
rem 2, §1, p. 11, we.have dim §’ =r—m, whence §=§".
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The adherence of t in 3 is a completion ¥ of ¢ (cf. Lemma 9, §1, p. 9),
and d is finite over . Because 5/§ is finite over T/pMN\®, P/T is a prime
ideal of dimension r—m in  and therefore $/M\F is the ideal generated by
Vrg1y * 0 'yyain i _

Let & be an intermediary ring of o with respect to r, and denote by J a
completion of 3. We know(?2) that there exists a primitive idempotent € in §
with the following property: there exists an isomorphism ¥ of 5 with Je such
that Y(x) =xe for x€J. The image ¥(p) of p by ¢ is a prime ideal in Je; the
ideal §, generated in & by y/() and 1 —e is clearly a prime ideal §; in §. The
adherence of tin & is a completion # of t, and f1Mf, is the ideal generated by
Yrt1, © ¢ 5 ¥ain F1(B). Let R and R represent the fields of quotients of r and #
respectively, and let Z and Z represent the rings of quotients of & and &.
Then Z=Z%, where Z is regarded as a hypercomplex system over R (cf.
Lemma 8, §1, p. 9).

Denote by 8 the ring of quotients of p/\r with respect to r and by f the
subring of Z which is generated by 8 and &. Denote by 8* the ring of quotients
of f1MNf, with respect to f; and by &* the subring of Z which is generated by
8* and & Then & is finite over 8 and &* is finite over 8*.

No element not equal to 0 of f, is a zero divisor in J. It follows that no
element not equal to 0 in 8* is a zero divisor in £*. Moreover, 8* is a regular
local ring of dimension n —7.

Denote by &* a completion of * and by Z* the ring of quotients of &*.
Then the adherence 8* of 8* in §* is a completion of 8* and Z* = Zg., where S*
is the field of quotients of &* (we have RC.S*, and Z is considered as a hyper-
complex system over R).

If v is of type r(n; K), we have #,=K|[[y1, - - -, y.]]; 8* is the ring
of quotients of the ideal generated by ¥,41, + + +, ¥a in K[[y1, - -, ¥.]] and
& is K((y, * * *» ¥))[[¥+1, - - -, ¥a]]- The ring 8 is the ring of quotients
of the ideal generated by ¥,41, - =+, ¥ in K(y1, * + 'y ¥ [¥rg1s = =+ ¥a)
and &* contains as a subring the ring K(y1, -+, ) [[¥rs1, - = +» ¥all
which is a completion 8 of 8. If r is of type #(n, m; K), we denote by

{y1, - - -, ¥} a special set in r which contains ym41, - - -, ¥.; we have
8=K(1 -+ -, ¥m)) [[Ims1, - = =, ¥a]]; 8* is the ring of quotients of the ideal
generated by yp, - - ¢, ¥ain f and #=K((y1, - * 1 ¥m))(Fmi1, = = =4 1))

[[¥r41, * - *» ¥a]]. The ring 8 is the ring of quotients of the ideal gener-
ated by 41, - -+, ¥a in K[[y1, + - -, ¥a]] and &* contains as a subring the
ring K((1, - * =, ¥2)) [[¥r41, - -+, ¥a]] which is a completion 8 of 8.

(®) Cf. my paper On the notion of the ring of quotients of a prime ideal, Bull. Amer. Math.
Soc. 50 (1944) p. 93, Proposition 5.

(#*) No element not equal to 0 in T, is mapped upon 0 by the mapping y—ye. We have
Tre=y¢(D), H/NT) e=¢ (PN E) and therefore F,/Hi/ T, is isomorphicwith £/§/MF and is of dimen-
sion 7 —m. The assertion of the text then follows immediately from the fact that P, /¥, con-
tains yri1, * -+, In.
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We see that, in any case, 8* contains as a subring a completion 8 of 8.
We denote by S the field of quotients of 8. Let & be the subring of #* which
is generated by 8 and . The ring of quotients Z’ of & is generated by S
and Z; it follows that Z’=Zg (Z being regarded as a hypercomplex system
over R and the field of coefficients being extended from R to .S). Since & is the
subring of Zs which is generated by 8 and &, it follows from Lemma 8, §1,
p. 9, that § is a completion of R.

If tis of type t(n; K), we set Y=K(y1, - - -, %), Y*=K((y1, - - -, ).
If v is of type ©(n, n; K) we set Y=K((y1, - - -, y)), Y*=K((y, - - -, ¥m))
“((Ym41s * = » ¥+)). In either case, Yis a basic field of 8 and Y* is a basic field
of 8. Furthermore, we have S=Y((¥r41, * * * » ¥0)), S*=TY*((Wr41, * * + 4 Yn))-

We have Zg.=(Zs)s+, and §* is the subring of Zg. which is generated by
$* and R, or also by 8* and . It follows from Lemma 5, §3, p. 20, that
f* =Ry~

The ring ® may be considered as the ring of quotients with respect to &
of the complement of p/\r with respect to t. It follows that (pM\J) K is a prime
ideal in ®; this prime ideal contains the maximal prime ideal (p/t)8 of 8
and is therefore a maximal prime ideal in . We conclude that (pN\F)® is a
maximal prime ideal in the complete semi-local ring &; there corresponds to
this ideal a primitive idempotent 7 in ® which has the property that 1—y
E®ENIR. _

The ring ®* may be considered as the ring of quotients with respect to &
of the complement of §i/Mf, with respect to f;. It follows as in the previous
case that 5, * is a maximal prime ideal in £* and that §&* is a maximal
prime ideal in *. There corresponds to this maximal prime ideal a primitive
idempotent { in &* such that 1 —{ E5,8*.

Since ¢ is primitive in §*, one of the elements €{, (1 —¢){ is 0. If e would
be 0, f,®* would contain e(1 —{) =e¢, which is impossible since §; already con-
tains 1 —e. Therefore, we have e =¢.

We shall prove that {n ={. Operating as above, we see that it will be suffi-
cient to derive a contradiction from the equality {#=0. By construction of
§1, fre=y(p). Since pCp and ¥ (PN ) =pe, we have (pN\J)eC . Since §, also
contains 1—¢, we have pO\SC§;, whence PNI)KRCHK* and 1 —nEHR*
The argument may then be pursued in the same way as above, when we
proved that el =¢.

We can find elements ¢; E&(r+1 =17 =<n) which are units in o and are such
that c;x;E€S; it is obvious that the multiplicities which the statement of Theo-
rem 3 asserts to be equal are not changed if we replace x; by cix; (r+1=:=<n).
We may therefore assume without loss of generality that the elements x; be-
long to &.

Let ¢’ be the natural homomorphism of & into the ring of quotients
Roenye of NI R with respect to 8. We know that there exists an iso-
morphism of the completion of & pnzye with ® which maps ¢’(x) upon xn
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for x€ . It follows from Lemma 7, §1, p. 8, that
C(Dp; ¢(xr+l)) STty ¢(xn)) = 8(@7; Xrg1My * * xnﬂ)'

The equality &* = &y- implies that §* 5= (&n)y+; on the other hand, ¥*
is separably generated over Y (cf. proof of Lemma 9, §1, p. 9). It follows
from Lemma 6, §3, p. 20, that

6(@1}; Xrg1My * xnn)' = e(ﬁ*i'; xr+lg-r Tty xng-)

Let RF ¢+ be the ring of quotients of §;®* with respect to * and let ¢’
be the natural homomorphism of ®* into this ring of quotients. We know
that there exists an isomorphism of the completion of 8*p,e. with * which
maps ¢’(x) upon x¢, for every x € &*. It follows that

e(ﬁ*(: Zrpaly tc 0, xng.) = 8(@;&0; 6'(xr+1)1 R} él(xn))'

If some prime ideal in & is contained in §i;, it must contain one of the
elements ¢, 1—e¢ (because e(1—¢)=0), and it cannot contain €, because
1 —eEf; such a prime ideal must therefore contain 1 —e. Since 1—e is an
idempotent, it belongs also to every primary ideal of & which is contained
in fiy; it follows that 1 —e belongs to the kernel of ¢’ (observe that &* may be
considered as the ring of quotients of the complement of §iMNf; in #; with re-
spect to §). We conclude that ¢'(3) =3'(3e), and that, for xEZ, &' (x)
=¢'/(xe), where ¢’/ is a homomorphism of Je into ‘R‘;‘:@o. The kernel of ¢’
is clearly the intersection of all primary components of the zero ideal in Je
which are contained in fiie; this kernel is the image by ¢ of the kernel of .
It follows that there exists an isomorphism 8§ of &(5) with &'(J) such that
0(¢(x)) =¢'(Y(x)) for every x €5. The prime ideals §(p) and ¢’(f) correspond
to each other by the isomorphism 8. It is clear that @ig' is identical with the
ring of quotients of &’(f;) with respect to ¢’(3); it follows that 8 can be ex-
tended to an isomorphism of fp with @;g‘, whence

e(Rne; & (%), - 4 &' (%)) = e(O5; B(%rs1), + * -, B(2n)).

Theorem 4 is thereby proved.
5. Proof of the associativity formula.

THEOREM 5. Let o be a geometric local ring, and let {xl, cee, x,.} be a system
of parameters in o. Let r be an integer less than n, and let py, - - -+, Py be the dis-
tinct minimal prime divisors of the ideal generated by %r41, + + - , xn tn 0. Denote
by ¢ the natural homomorphism of o into oy, and by xx,; the residue class of xx
modulo p;. Then we have

g
8(0; X1, c xn) = Z e(Ov.-; ¢i(xr+l)y AR ¢i(xn))'e(0/pi; X1,4y " " xr.l')'

=1

Let 5 be a completion of 0. By Theorem 2, §1, p. 11, p;d is an intersection
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of prime ideals §;; (4 =<j<h,;; we assume that §;;5§;; for ;') which are all
of the same dimension as p. It follows that §:;{ §:;» for j=j'; therefore, §i; is
a minimal prime divisor of p;5, and (by Theorem 4, §4, p. 22) we have
P:;Mo=p;. Let x;,;; be the residue class of x; modulo §;;; the ideals §;/65:
being the prime divisors of the zero ideal in the completion 5/p;5 of o/p;,
we have by formula (2), §2, p. 14,

hi

e(0/Di; Xriy - v ¢y i) = D €(8/Buss Xuii vy Xeii)-

=1
Let &:; be the natural homomorphism of 5 into the ring 53;,; by Theorem 4,
§4, p. 22, we have

e(0p;; Pi(Xrs1), -+« 5 $i(%a)) = €(Dsij; Fii(wrs1), =+ + 5 Bii(%a)).

On the other hand, we have by definition e(0; %, - - - , x,) =e(0; %1, * * *, Xn)-
If § is any prime ideal in  which contains x,41, - - * , %,, then o contains
one of the ideals p; and therefore § contains one of the ideals §;;. It follows
that the ideals §;; are all the minimal prime divisors of the ideal generated
by %41, * + -, %, in 8. Therefore, we see that it will be sufficient to prove
Theorem 5 in the case where o is complete.

Assume that this is the case, and let K be a basic field of 0. We denote by
t the ring K[[x1, - - -, x.]] and by t the ideal generated by %41, - + -, %n
in t. Then o is finite over t, and therefore o/p; is finite over r/(p;Mr), whence
dim t/(p:Nt) =dim o/p;=r (by the corollary to Theorem 2, §1, p. 11); since
tCp:Nr, it follows that p;Nr=1.

Let S be the complement of ¢ with respect to t, and let & be the ring of
quotients of S with respect to o (observe that since SCr and since o is equi-
dimensional, no element of S is a zero divisor in 0). The ring J is finite over
1; and is therefore a semi-local ring; the maximal prime ideals in & are the
prime ideals which contain r. Among these maximal prime ideals clearly occur
the ideals p;& (1 S7=g). Conversely, a maximal prime ideal of & may be
written in the form q&, where q is a prime ideal in 0 whose intersection with r
is r; it follows that q contains one of the ideals p;, whence & =p;S for some 7.

The ring of quatients o0p, can obviously be identified with Jy,3. It follows
that there exists an isomorphism ¥; of the completion of o, with Je; (where §
is a completion of & and where ¢; is the primitive idempotent in & which corre-
sponds to the maximal prime ideal p;J) such that Y.(¢i(x)) =xe; for every
x€o. Let Z be the ring of quotients of 0, and let R and R be the fields of quo-
tients of r and of the completion of t;; we know that the ring of quotients
of &is Z5 (Z being regarded as a hypercomplex system over R; cf. Lemma 8,
§1, p. 9). We have

[Z:R] = [Za:R] = 3" [Z5e:: Res].

tm=1
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We have Re;=Kei((x1€i, - -+, %,€)) (%1165, - -+, Xa€:)). It follows that
[Z}'ge.-:-l_ée.'] = e(§‘e,~; Xri1€iy * * * x,.e;) [g‘éi/p;ge;:Ke;((xle;, L] ,x,e;)).

This first factor in the left side is equal to e(op,; ¢s(%rs1), - -+ y @i(x,)). The
ring Je;/p:Je; is a field, which is isomorphic to the field of quotients of o/p;
under an isomorphism which maps xi,; upon the residue class of x;e; modulo
p:Je.. If m is the maximal prime ideal of o, the maximal prime ideal of o/p;
is m/p;. It follows that the second factor on the right side.of our formula is
equal to [o/pi:K[[x1,s, - - -, %..5]]], that is, also to e(o/ps; %14, * + + ) %ri)
- [(o/9:)/(m/p:): K ] =e(o/pi; %14, - -+, %.:)[0/m:K]. Remembering that
[Z:R]=e(0; %1, - - -, x,) [0/m:K], we obtain

e(0; 1, - -+, %) [0/m:K]
= Ze(op.-; éi(%r1), - -+, bi(x))e(0/Di; X1y - -+, %) [0/mIR].

Theorem 5 is thereby proved.

COROLLARY. Let 0 be a geometric local ring and let {x,, - - - , x.} be a system
of parameters in 0. Assume that the elements x,.,, - - - , X, generate a prime ideal
pin 0. Then we have

e(o; X1ty xn) = e(o/p; xl*r Tty xr)")
where x*, - - -, x¥ are the residue classes of xi, - - - , x, modulo p.

Let ¢ be the natural homomorphism of o into o0p. It is clear that
é(x,41), - - -, &(x,) generate the maximal.prime ideal of o,. The corollary
follows therefore from Theorem 3, §2, p. 14, and from Theorem 5 above.

Part 11

1. Algebroid varieties. Let K be an algebraically closed field, and let
Xy, - -+, X. be n letters. We associate to the ring K[[Xy, - - -, X.]] of
power series in X, - - -, X, an object E*(X,, - - -, X.) which we call the
n-dimensional local space over K with the coordinates X, « - - , X,. To every
prime ideal u in K[[X,, - - -, X.]] we associate (in a one-to-one way) an
object which we call an algebroid variety in our local space. We say that the
algebroid variety and the ideal u correspond to each other. In particular, we
identify E*(X,, - - -, X.) with the algebroid variety which corresponds to
the zero ideal. The algebroid variety which corresponds to the ideal generated
by X;, - - -, X, is called the origin of our local space.

If U is the algebroid variety which corresponds to the prime ideal u, the
ring K[[Xy, - - -, Xa]]/uis called the ring of holomorphic functions on U;
this ring will be denoted by {(U). The ring {(U) is a complete local ring; its
dimension is called the dimension of U. The dimension of E*(X,, - - -, X,)
is » and the dimension of the origin is 0. The residue class modulo u of an
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element FEK[[X,, - - -, X.]] is called the function induced on U by F.
The field of quotients of f(U) is called the field of meromorphic functions
on U; this field is denoted by P(U). The ring of quotients of u with respect
to K[[Xy, - - -, X.]] is called the neighborhood ring of U; this ring is denoted
by N(U) and its completion by (V).

Let U.and V be two algebroid varieties in E*(X,, - - -, X,), and let u
and v be the corresponding prime ideals. If yCu, we say that U is contained in
V or that U is a subvariety of V; we write UCV. If U is contained in V but
is different from V, we say that U is strictly contained in V.

Assume that U is a subvariety of V. Then {(U) is isomorphic in a natural
way to the factor ring of {(V) by the prime ideal u/v. The element of {f(U)
which corresponds by this natural isomorphism to the residue class mod-
ulo u/v of an element ¢ Ef(V) is called the function induced on U by ¢. If
UCVCW, the function induced on U by a function y Ef(W) is the same a$
the function induced on U by the function induced by y on V. If the func-
tion induced on U by a function ¢ in f(V) is 0, we say that ¢ vanishes on U.
The set of functions in f(V) which vanish on U is u/v; we shall say that u/v
is the prime-ideal in f(V) which corresponds to the subvariety U.

Still assuming that U is a subvariety of V, we observe that N(U) is a
‘subring of N(V) and that N(V) is the ring of quotients with respect to N(U)
of the prime ideal Y(U). We shall say that y®(U) is the prime ideal which
corresponds to V in M(U). We know that every prime ideal in N(U) can be
written in the form YR(U) where v is a prime ideal contained in u. It follows
that there exists a one-to-one correspondence between the prime ideals in
N(U) and the varieties containing U.

The factor ring N(U)/vN(V) is called the nesghborhood ring of U with re-
spect to (or on) V. This ring is denoted by Ny (U), and its completion by
RNv(U). The prime ideals in this ring are the ideals of the form WN(U) /oN(U),
where  runs over the prime ideals in K [[X3, - - -, X,]] such that yCwCu.
They correspond in a one-to-one way to the varieties W which are between
U and V (that is, UCWCYV). It is easy to see that Ny (U) is isomorphic in
a natural way with the ring of quotients with respect to f(V) of the ideal u/v.

ProrosiTiON 1. If U is a subvariety of V, the dimension of U is at most
equal to the dimension of V. If these dimensions are equal, we have U=1V.

This follows immediately from Propositions 1 and 6, L.R., §3, pp. 701, 702.

PROPOSITION 2. Assume that U is a subvariety of V, and let u and v be the
dimensions of U and V. Then N(U) and Ny (U) are equidimensional local rings
of respective dimensions n—u and v—u.

For N(U), this follows immediately from Theorem 2, §1, part I, p. 11.
For Ny(U), our assertion follows from the same source if we observe that
Nv(U) is isomorphic with the ring of quotients of u/b with respect to {(V),
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that f(V) is a complete local ring of dimension v with no zero divisor not
equal to 0, and that u/v is a prime ideal of dimension « in (V).

A convention of notations. When no confusion is possible, we shall denote
the ring K[[Xy, - - -, Xa]] by K[[X]] and the space E*(X;, - - -, X,) by
En(X). If we have other series of letters to consider, such as {X{, - - -, X4}
or {Yy,---, Vau}, -+ we shall use the self-explanatory notations
K[[XY X,]]’ K[[Xr Y]]v ) E"+”’(X’ Xl)r E'H-M(Xr Y)v -+ +. More
generally, if we have any finite sequence of quantities y, - - -, % belonging
to a complete local ring containing a field K, we shall use the notation K [ [«]]
to represent the ring K [[u, - - -, uz]] provided no confusion is possible as
to the number % of quantities # under consideration.

Product varieties. Let there be given two series of letters { X{", - - - , X®}
and {X®, - .., X?} with no letter in common. The local space associated
with the series of 7+, letters {X{, - -+, X0, X® ... X@} is called
the product of the local spaces E"(X®™) and E**(X®) and is denoted by
Em(XW)XE"2(X®), Let U; be a variety in E®(X(), defined by a prime
ideal u; in K[[X®]] (=1, 2), and let u; be the dimension of U;. Then
we know (24 that the ideal generated by u® and u® in the ring K [ [X®, X®]]
is prime and of dimension u;+u,. The variety in Em(X®) X En(X ®) which is
associated with this prime ideal is called the product of U, and U, and is de-
noted by U; X U.. Its dimension is u;+u,.

Let W be any variety in EM(X™) X E"(X®), and let » be the corre-
sponding prime ideal. Then WK [[X(?]] is a prime ideal in K [[X?]] and
defines a variety in E*(X (). This variety is called the projection of W on
E»(X @) and is denoted by prx®W. Using the same notation as above, we
have prx®@U; X Uy =U,. In fact let F be a power series in the letters X
alone which belongs to the ideal generated by u; and u; in K [[X®, X®]].
We have F=ZkAkU£”+Z;BzU§2’, where each U is in u; and 4, B, are
power series in the letters X, X®, Since U® is not a unit, it belongs to the
ideal generated by the 7, letters X® and vanishes identically if we replace
these letters by 0. It follows that

F=Y4,x% 0v) cu®.
k

This proves that prx®U,; X U= U;. A similar argument applies to the pro-
jection on En3(X(®),

If Wis any variety in E»(X ) X E»3(X®), we clearly have WC (prx®W)
X (prx®W)(*).

(#) Cf. my paper Some properties of ideals in rings of power series, Trans. Amer. Math.
Soc. vol. 55 (1944) Proposition 12a, p. 168. The assertion on the dimension follows easily from
Lemmas 3 and 4, §3, part I, pp. 18, 19.

() Note that it is not true in general that dim (prx@m W) <dim W. In this respect, algebroid
varieties differ from algebraic varieties.
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It should be observed that, when we speak of a series of letters, we do
not consider these letters as being arranged in a definite order; that is,
we make no distinction between the space E*(X;, - - -, X,) and the space
Er(Xoay, - -+ » Xom) if w is a permutation of the set {1, - - -, n}. As a con-
sequence, if Usis a variety in E*(X®) (=1, 2, 3), U1 XUz and U; X U, are
different symbols for the same variety, and the same applies to Uy X (Uz X Us)
and (Uy X Uz) X Us. This last variety is also denoted by Uy X Uz X Us. Similar
remarks would apply to products of more than three varieties.

Copies of a space. Let {Xi, - - -, X.} be a given series of 7 letters. It is
sometimes convenient to introduce a new series of 7 letters {X{, - - -, X! }
in such a way that the letters X’ are considered as associated to the letters X
in a definite way, X! corresponding to X; (1 £¢=m). If this is done, we say
that E»(X’) is a copy of the space E*(X). There exists a uniquely determined
isomorphism J of K[[X]] with K [[X’]] which maps X; upon X! (1=5i=n).
To every prime ideal uin K [ [X]], J associates a prime ideal J(u) in K [[X']].
It follows that there corresponds to every variety U in E#(X) a variety
U’ in E*(X') which is called the copy of U.

The ring K [[X, X’]] is identical with K [[X, X’ —X]] and the # quanti-
ties X! — X are analytically independent over K [[X]]. It follows that the
ideal b generated by the elements X! —X; (1<4=<n) in K[[X, X']] is prime
and defines a variety A in E*(X)XE"(X'); A is called the diagonal of
E~(X)XE*(X'). The ideal d has only 0 in common with K [[X]]; moreover,
if H(X, X') is any power series in the letters X, X’, we have

(6)) H(X, X') = HX, X) (mod b).

It follows that the elements of K [[X]] form a complete system of representa-
tives for the residue classes of K [[X, X’]] modulo 5. We conclude that f(A)
is isomorphic with K[[X]] under an isomorphism which maps upon X; the
residue class of X; modulo b. This isomorphism establishes a one-to-one cor-
respondence between the subvarieties of A and the varieties in E"(X). We
shall denote by M the subvariety of A which corresponds to a variety M in
E~(X) by this correspondence. It is clear that the conditions M C U, MACU?
are equivalent. The dimensions of M and M?* are equal. If m and mA are the
prime ideals in K [[X]] and K [[X, X’]] respectively which correspond to
M and M3, it is clear that mCm4, and it follows immediately from the con-
gruence (1) above that m=m4NK [[X]], and that m4 is the ideal generated
by mand b in K[[X, X’]]. In particular we have M =prx MA.

2. Intersections of algebroid varieties. Let U and V be algebroid varieties
in E»(X). We shall say that an algebroid variety M belongs to the intersection
.of U and V if it is contained in both U and V.

DEFINITION 1. A variety M is called a component of the intersection of the
varieties U and V if it belongs to this intersection and if no variety strictly con-
taining M belongs to the intersection.
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Let u and v be the prime ideals which correspond to U and V and K [[X]].
It is clear that the components of the intersection of U and V correspond to
the minimal prime divisors of the ideal generated by u and v. Therefore we
have

PROPOSITION 1. The intersection of two algebroid varieties has only a finite
number of components. Any variety which is contained in this intersection is con-
tained in one of these components.

THEOREM 1. Let U and V be algebroid varieties of respective dimensions u
and v in E*(X). Then the dimension of any component of the iniersection of U
and V is not less than u-+v—n.

Let us construct a copy E*(X’) of the space E*(X), and let V' be the copy
of Vin E~(X’). If M is a component of the intersection of U and V, then
M?A belongs to the intersection of UX V' and A. It follows that M2 is con-
tained in some component of the intersection of UX V’ and A. This last com-
ponent, being a subvariety of A, can be written in the form M?%, where M,
is a variety in E*(X) which contains M. The inclusion M;C U X V'’ implies
that M Cprx(UXV’)=U and that prx.M,Cprx.(UXV’)=V’, whence
M CV. Since M was a component of the intersection of U and V, we have
M;=M, and we see that M2 is a component of the intersection of UX V'’
and A.

If a subvariety of UXV’ contains M2 and is such that X{ —X,, - - -,
X, —X, vanish on it, this variety is contained in A and therefore coincides
with MA. Let x; and x! be the functions induced by X; and X/ on UXV’;
it follows from what we said that the only prime ideal in RWyxv-(M2) to contain
the n elements x/ —x; (1<¢=#) is the maximal prime ideal of this ring,
whence dim Ryxy:(M3) <n. On the other hand, if M is of dimension d, we
have dim Nyxy-(M2) =u-+v—d, whence u+v—d <n, which proves our asser-
tion.

DEFINITION 2. A component of the intersection of two algebroid varieties U
and V of respective dimensions u and v is called a proper component of this
sntersection if it is of dimension u+v—mn.

It follows immediately from the proof of Theorem 1 that, if M is a proper
component of the intersection of U and V, the elements x/ —x; (1<{=<n)
form a system of parameters in Nyxv/(M2).

DEFINITION 3. Assume that M is a proper component of the intersection of
two algebroid varieties U and V in E~(X). Let Er(X') be a copy of the space
En(X) and let V' be the copy of V in E~(X'). Let x:, x! be the functions in-
duced by X;, X! on UXV' (1 5i=n). Then we set i(M; U- V) =e(Ruxy (M3);
xf —x1, - -+, 2! —%,). The number i(M; U-V) is called the multiplicity of M
in the intersection of U and V.



32 CLAUDE CHEVALLEY [January

It follows immediately from this definition that ¢(M; U- V) =¢(M; V- U).
3. Criterion for multiplicity one.

LEMMA 1. Let o be a local ring, and let xy, - - -, x, be elements of o which
generate an ideal which is primary for the ideal of nonunits. Let K be a basic
field of o and m be the dimension of o. Let P( - - - A;; - - - ) be a polynomial
not equal to 0 in mn arguments A;; (1 1 =m, 1 £j<n) with coefficients in-a field
containing K. Then, it is possible to find mn elements a:; of K such that
P(---aij- -+ )#0 and such that the elements Z}'_la;,-xj (1=i=m) form a
system of parameters in o.

This is a slight improvement of the result of Proposition 7, L.R. §3, p. 703.
The proof again proceeds by induction on m. Using the same notation as
in L.R. (except that the numbers 7 and m are to be replaced by m and 7),
we observe that we can find a polynomial Q(44,y, - -+, 41,,) %0 in 7z argu-
ments with coefficients in K such that, if a1, - - -, @1,» are any 7 elements
of K such that Q(ai, - -+, @1.,) 0, then the element y/ =Z}'_1a1_,~x; does
not belong to any of the spaces M; (1 £7=<g). Since K contains infinitely many
elements, we can find elements a1, - - -, @1, in K such that PQ does not
vanish identically by the substitution 4,,;—a1,; (1<j=<n). Let P* be the re-
sult of this substitution; proceeding as in L.R., we can apply our induction
assumption to the local ring 0/0y; and to the polynomial P*.

LEMMA 2. Let M be a variety of dimension m in EN(X). We can find m linear

combinations Yy, - - -, Y of Xy, - - -, X, with coefficients in K which have the
following property: if yi, - -+, Ym are the functions induced on M by
i, -, Yn, then {yl, cee, y,,.} is a system of parameters in {(M) and P(M)

is separable over K((y1, * * * , Ym)).

Denote by x4, - - -, x, the functions induced by X3, - - -, X, on M; we
have f(M)=K[[x1, - - -, x.]]. Assuming K to be of characteristic p#0, we
have P(M) = (P(M))?(xy, - + - , xn), Which proves that {xj, - - -, x.} con-
tains a p-base of P(M)(*). Let {ul, ceey, um} be any system of parame-
ters in f(M); then P(M) is finite over U=K((#1, - * +, %m)), and we have
U=Uruy, - -+, tm), [U: U?]=p™ We have [P(M): U] = [P(M): U] [U: U?]
= [P(M): ((P(M))*] [(P(M))?: U?], and also [P(M): U]= [((P())7: U?] be-
cause the mapping x—x? is an isomorphism. It follows that [P(M):(P(M Ne]
= [U:U?]=p™ We may therefore assume without loss of generality that
%1, - - -, ¥m form a p-base of P(M). Every monomial in x;, « - -, x, may be
expressed as a linear combination with coefficients in (P(M))? of the quanti-
ties xft - - - a7 (0=ey, - - -, en=P).

Introduce mn letters 4;; (1 <i<m, 1 <j<n) which are considered as alge-
braically independent over P(M), and set yi=2 . 4:jx; (1 <i<m). Denote

(%) Cf. S. MacLane, Modular fields 1. Separating transcendence bases, Duke Math. J. vol. 5
(1939) p. 372.
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by &, - - -, £, the quantities x? - - - %r and by 7y, - - -, 7, the quantities
Y2 ...y (0<ey, - - -,en<p). We have

pm
me= 2 du( - Ao )k 1=k=pm
I=1
where each ¢;; is a polynomial with coefficients in (P(M))?. The determinant
P(--+4;---)of the matrix (¢r( - - - 4ij - - + ), does not vanish iden-
tically, because it takes the value 1 when 4 ;;=4§;;. Making use of Lemma 1, we
see that we can find elements a;;in K such that P( - - - a;; - - - )#0 and such
that the elements y; =) 7.,a:;x; form a system of parameters in f(}). The p™
elements y7' - - - yi» are linearly independent with respect to (P(M))»,
whence P(M)=P(M))?(y1, - * + , ¥m). If ¥V is the field K((y1, - - -, ¥m)), We
know that P(M) is finite over ¥ and that P(M) = Y(P(M))>. It is well known
that these conditions imply that P(M) is separable over Y. Lemma 2 is
thereby proved.

PROPOSITION 1. Let M be a variety of dimension m in E*(X). Then the neigh-
borhkood ring N(M) is a regular local ring of dimension n—m. The completion
N(M) contains a field Z isomorphic with P(M) which is a complete system of
representatives for the residue classes modulo its ideal of nonunits; N(M) is iso-
morphic to a ring of power series with coefficients in Z. If Yy, - - -, Yo are m
linear combinations of X1, + -+ -, X with the property described in Lemma 2,
the field Z may be taken to contain K((Y, - - -, Yn)) and is then uniquely
determined.

We determine m linear combinations Y3, + - -, YV, of X3, - - -, X, which
have the property described in Lemma 2, and we adjoin to these » —m other
linear combinations Y4y, ¢ -+, Y, in such a way that ¥y, - - -, ¥, are

linearly independent. It is clear that no power series not equal to 0 in
Yy, - -+, Y, vanishes on M, whence K((Y3, - - -, Y,)) CR(M). The field
K({(Yy, - -+, V,)) is a basic field of N(M); it follows from Proposition 3,
L.R,, §3, p. 701, that K((Yy, - - -, Y..)) is contained in a subfield Z of N(M)
which is a complete system of representatives for the residue classes modulo
the ideal of nonunits. It is clear that every element of (M) which is alge-
braic over K((Yy, - - -, Y.)) is contained in Z, which proves that Z is
uniquely determined. Let #y, - - -, 7, be the elements of Z which belong to
the residue classes of V3, - - -, ¥,; we have ;= Y;for 1 £j<m. Every power
series F(X,, - + -, X,) with coefficients in K may be expressed in the form
of a power series F*(Vy, - -+, V,) in V3, - - -, V,; it is clear that, if F
vanishes on M, we have F*(q, - - -, 7,) =0(¥"). Remembering that ¥;=7;

(*") The ring K[[n1, + -+, #m]][#ms1, * = -, 7] is isomorphic with a subring of f(M) and
is integral over K [[n, + - -, na]]. By Proposition 3, L.R., §II, p. 694, it is a complete ring;
it follows immediately that it is isomorphic with f(3). Since 5y, - + - , 7 are clearly nonunits in
this ring, the expression F*(qy, - + -, 7,) has a meaning.
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for j<m, we see that any power series which vanishes on M belongs to the
ideal generated in M(M) by the n—m elements YVomy1—Nms1, * + *y Yu—1n
Let 9 be this ideal; then 9 is the ideal of nonunits in RN(M). Since we know
already that N(M) is a local ring of dimension 7 —m, it follows that N(M)
is a regular ring.

Since N(M) is dense in N(M), we can find n—m elements Gpyy, * * + , Gn
in N(M) such that G;=Y;—n; (mod 9% (1 =j=<n).1f 9’ is the ideal generated
by Gm1, * - -, Gn in (M), we have DC9P’+ 92, whence, by induction,
PDCY’+ P* for every k. Making use of Lemma 6, L.R., §2, p. 695, we conclude
that 9 =9’; it follows that Gm41, - + -, G, generate the ideal of nonunits in
N(M) and that N(M) is a regular local ring.

PROPOSITION 2. Let M be a variety of dimension m in E™(X), and let
Fy, - -+, Fn_m be n—m power series which vanish on M. The following asser-
tions are equivalent: (1) Fy, « - -, Fu_m form a regular system of parameters in
N(M); (2) the Jacobian matrix of F1, - - -, Fn_m is of rank n—m on M.

(The Jacobian matrix of several power series is the matrix formed by the
partial derivatives of these power series with respect to their arguments;
when we say that this Jacobian matrix is of rank n—m on M, we mean that
the functions induced on M by the coefficients of the matrix form a matrix
of rank n—m.)

We use the notation of the proof of Proposition 1. If F is any power
series in X, - -+, X., we set F¥(Vy, .-, YV.)=F(X, ---, X, and
F¥*(Zpgry -y Za)=F*(n, * + +, My Znpat0mgn, 0y Zatna); F** s
therefore a power series with coefficients in the field Z. Assume that (1)
holds; then the n—m power series F¥*(Zpy1, - -+, Za) (1Z24<n—m) gen-
erate the ideal of nonunits in Z [[Znyy, - - -, Z4]] and Zpyy, - - -, Z, belong
to Z[[F¥*, - - -, F¥*,.]]. It follows immediately that the functional determi-
nant of F**, - . ., F¥* isa unit in (M), or that the functional determinant
of F*, - - -, F*,, with respect to Yy, - - -, ¥, does not vanish on M. This
implies of course that the Jacobian matrix of Fy, - « +, Fn_n is of rank n—m
on M.

Conversely, assume that the Jacobian matrix of Fy, - - -, Fn_n is of rank
n—m on M. Let Gy, - -+, Gum be n—m power series which form a
regular system of parameters in N(M). Then we can write F; =Z}‘;{" A;G;
(1=2i=n—m) with 4;;EN(M). Let D be a power series which does not vanish
on M and which is such that DA,;EK[[X]] (1 £4,j <n—m). If mis the prime
ideal which corresponds to M, we have

DOF;/3X, = 2 (DA:;)8G;/dX (mod m).
i=1

It follows that the determinant of the matrix (4;;) does not vanish on M
and therefore that Gy, - - -+, G._nbelong totheideal generatedby Fy, + - -, Frm
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in N(M). This means that F, - - -, F,_. form a regular system of parameters
in R(M).

Remark. If F is any other power series which vanishes on M, F may be
expressed as a linear combination of F, - - -, F,_, with coefficients in N(M).
We see immediately that the partial derivatives of an element of %(M) belong
themselves to N(M). It follows easily that, if F{, - - -, F! are any number of
power series which vanish on M, their Jacobian matrix is of rank not greater than
n—mon M.

DEFINITION 1. Let M be a subvariety of U in E*(X). If the local ring Ny (M)
is regular, we say that M is simple on U. If not, we say that M is singular on U.

PRroPoOSITION 3. Let M be a subvariety of a variety U in E*(X). A necessary
and sufficient condition for M to be simple on U is that there should exist a regu-
lar system of parameters in N(M) which contains as a subset a system of parame-
ters in M(U).

Let u be the prime ideal which corresponds to U. Then Ny (M) is iso-
morphic to the ring N(M)/uN(M) and N(V) is the ring of quotients of uN(M)
with respect to M(M). This being said, Proposition 3 follows immediately
from Proposition 9, L.R., §I11I, p. 70S.

Remark. 1f a system of parameters in |(U) can be extended to a regular
system of parameters in N(M), the elements of this system of parameters
in particular must belong to M(M). Multiplying them by units in (M), we
see that these elements may be assumed to belong to K [[X]].

PROPOSITION 4. Let M be a proper component of the intersection of two
algebroid varieties U and V in E*(X). Assume that M is simple on V and let
Gy, « -+, Guy be elements of K[[X]] which form a system of parameters in
N(V) and which can be included in a regular system of parameters in N(M). Let
GV be the function induced on U by G; (1 £i=<n—v); then the n—v functions GY
fogm a syste;n of parameters in Ny(M) and we have i(M; U-V)=e(Nuv(M);
Gl) ] Gn—v)‘

We use the notation of Definition 3, §2, p. 31. Let u be the prime ideal
which corresponds to U in K [[X]], and let u, be the ideal generated by u in
K[[X,X’]]; mis the prime ideal which corresponds to the variety U XE*(X’).
Let £ and &/ be the functions induced by X and X{ on UXE"(X’), and let
Iy, .-+, I'ney be the functions induced by G(X{,- ---, XJ), ---,
Guo(X{, -+, XJ) on UXE*X’). The ideal generated by Gy, - - -, Gns
in N(M) being by assumption prime, every function which vanishes on V-
may be written as a linear combination of Gy, - - -, G._, with coefficients
in N(M). It follows immediately that the ideal generated by Ty, - - -, I'uy
in Nuxerxy(M2) is prime and that the corresponding factor ring of
Nuxerxy (M) is Nuxv/ (M?). Making use of the corollary to Theorem 5,
§5, Part I, p. 25, we obtain
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(M; U-V) = eRuxv (M?); 2 — 21, -+, 2 — %)
= eMuxerx(M2); & — &, -+, & — & Ty o+, T

The ideal generated by n and X{ =Xy, - - -, X/ —X, in K[[X, X']] is the
prime ideal which corresponds to UA. It follows that the ideal generated by
& —%&, - - -, &l —£. in NuxerxH(MA) is prime and that the corresponding
factor ring is the ring Nya(M2). Let I'f¥, - - -, T'X, be the functions induced
by G, * + +, Ga—y on U?; then I'¥ is also the function induced by I'; on U2
because X and X{ induce the same function on U4, Making use again of
the result quoted a few lines above, we obtain

i(M; U-V) = e(Mua(M2); TS, - - -, o).
Taking into account the natural isomorphism which exists between §(U2)
and f(U), we see that Nya(UA) is isomorphic with N (U) under an isomor-
phism which maps I'’* upon G (1 £ <n—v). Proposition 4 is thereby proved.

PROPOSITION 5. Let M be a proper component of the intersection of two alge-
broid varieties U and V. Using the notation of Definition 3, §2, p. 31, we have
t(M; U-V)=¢(M2; (UXV’)-A).

Let usselect # —m elements Hy, - « - , H,_n of K [[X]] which form a regu-
lar system of parameters in N(M). Then every element of the ideal m which
corresponds to M is a linear combination of Hy, « - -, H,_,, with coeffi-
cients in M(M). The ideal generated by m and Xy — Xy, - - -, X,/ —X, in
K[[X, X']] is the prime ideal which corresponds to M?. It follows immedi-
ately that the maximal prime ideal of R(M?) is generated by Hy, « - + , Hy_m,
X{ —X, -+ -, XJ —X,; that is, these elements form a regular system of pa-
rameters in N(M2). It follows from Proposition 4 that ¢(M2; (UXV’)-A)
=eNuxv (M2); x{ —x1, + + +, x4 —x)=2(M; U-V).

Proposition 5 allows us to reduce problems of multiplicities of intersections
of arbitrary varieties to similar problems in which one of the varieties to be
intersected is linear.

PROPOSITION 6. Let M be a proper component of the intersection of two alge-
broid varieties U and V in E*(X), and let u and v be the prime ideals in K [[X]]
which correspond to U and V. Then the following two assertions are equivalent:
(1) s(M; U-V)=1; (2) the ideal generated by u and v in V(M) is prime.

Assume first that (1) holds. Then Nuxy-(M?) is a regular local ring (by
Theorem 3, §2, Part I, p. 14).

Let m, u and v be the dimensions of M, U and V respectively (whence
m=u-+v—mn). By Proposition 9, L.R., §III, p. 705, we can find 2n—u—v
elements Hy, - - -, Hapu of K[[X, X’]] which form a set of generators
of the prime ideal which corresponds to UX V’ in R(M3), and which are such
that X{ — Xy, - - -, X/ —X,, Hy, - - -, Hyp_y, form a regular system of



1945] INTERSECTIONS OF ALGEBRAIC AND ALGEBROID VARIETIES 37

parameters in N(M2). The elements Hy, - - +, Hy, y—» belong to the ideal
generated in K[[X, X’]] by u and by the prime ideal b’ which corresponds
to V" in K[[X’]]. If Fis a power series in the letters X alone which vanishes
on M, F may be expressed as a linear combination of X{ — X, - - - , X! — X,,
Hy, - - -, Hayy, with coefficients in N(M42). If we make the substitution
X{—-X,, --.,X]—>X, in a power series which does not vanish on M3, we
obtain a power series which does not vanish on M; it follows immediately
that F is a linear combination of Hy(X, X), - - -, Hanu_o(X, X) with coeffi-
cients in M(M). Since H;(X, X’) belongs to the ideal generated by u and v/,
this proves that the ideal generated by u and v in (M) is the ideal of non-
units in this ring.

Assume now that (2) holds. Then we can find # —m =2n —u —v elements
H,y, - - -, Hypu— of the ideal generated by u and v which generate the ideal
of nonunits in N(M) (observe that, M being a component of the intersection
of U and V, the only prime ideal in (M') which contains u and b is the ideal
of nonunits). Every function of the ideal m which corresponds to M is a linear

combination of Hy, « + -, Hyu_y_p with coefficients in M(M). The ideal which
corresponds to M2 is the ideal generated by mand X{ —X,, - - -, X! — X,;
it follows immediately that X/ —X,, - - -, X,/ —X., Hy, - + -, Hep_u_, form

a regular system of parameters in R(M2). The equality (M ; U-V)=1 fol-
lows from this fact by making use of Proposition 9, L.R., §III, p. 705, and
of the corollary to Theorem 5, §5, part I, p. 25.

DEFINITION 2. Let M be a component of the intersection of two algebroid
varieties U and V in E*(X), of respective dimensions u and v. We shall say that
U and V are in general position with respect to each other along M when it is

possible to find n—u power series Fy, « - -, Fo_, which vanish on U and n—v
power series Gy, - + -, Gn_, which vanish on V such that the Jacobian matrix of
Fi, -+, Fau, Gy - -+, Gay 15 of rank 2n—u—v on M.

THEOREM 2. Let M be a component of the intersection of two algebroid varie-
ties Uand V in EN(X). A necessary and sufficient condition for M to be a proper
component of multiplicity 1 in this intersection is for U and V to be in general
position with respect to each other along M.

Assume that U and V are in general position with respect to each other
along M. It follows from the remark which follows the proof of Proposition 2
that M is of dimension not greater than »— (2n —u —v) =u+v—n. Making
use of Theorem 1, §2, p. 31 we see that M is a proper component of the
intersection of U and V. Proposition 2 then shows that (using the notation
introduced in Definition 2) Fy, - -+, Fu_y, Gy, - + -, Ga_, form a regular
system of parameters in |(M). It follows that the ideal generated in N(M)
by the prime ideals u and v which correspond to U and V is prime. The
equality ¢(M; U-V)=1 then follows by Proposition 6.

Assume now that M is a proper component of multiplicity 1 of the inter-
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section of U and V. Then, by Propositon 6, there exists a regular system of
parameters {Hj, « -+ -, Hypur} in N(M) whose elements belong to the ideal
generated by u and b in K[[X]]. We can find a finite number of elements
Fy, - - -, F, Gy, - - -, Gysuch that Fr€u, G;€v. (1 =k =<a, 1=1=<b) and such
that each H; (1=<¢=2n—wu—v) is a linear combination of Fy, - .-, F,
Gy, - - -, Gy with coefficients in K[[X]]. It follows that the Jacobian matrix
of the a+b power series Fy, + + +, F,;, Gy, + + -, Gy is of rank 2n—u—v on M;
we may assume that the Jacobian matrix of Fy, - - -, Fur, Gy, - - -, Gy is of
rank 2n—u—v on M where a’ and b’ are indices such that ¢’+b’'=2n —u—v.
The Jacobian matrix of Fi, - - -, Fu is of rank not greater than' #—% on U
and, a fortiori, on M. The Jacobian matrix of Gy, - - -, Gy is of rank not
greater than # —v on V and, a fortiori, on M. It follows immediately that we
must have a’=n—u, b’ =n—v, which proves that U and V are in general
position with respect to each other along M.

COROLLARY. If M is a proper component of multiplicity 1 of the intersection
of Uand V, then M is simple on both U and V.

In fact, using the notation of Definition 2, the elements Fy, - - -, Foy,
Gy, - - -, Gn._, form a regular system of parameters in R(M). The ideal gen-
erated by Gy, + + + , Gup in N(M) is prime of dimension »—u and is contained
in the ideal generated by b (where b is the ideal which corresponds to V in
K[[X]]); furthermore, the factor ring of M(M) by this ideal is regular.
Since the ideal Y)(M) is also of dimension #—u in N(M), we conclude that
Ny (M) =N(M)/oN(M) is regular, which proves that M is simple on V. We
would see in the same way that M is simple on U.

4. Intersections of product varieties. We consider two series of letters
{Xl, - ,X,,.} and {Yl, e, Y,.}.

THEOREM 3. Let U and V be algebroid varieties in E™(X); let S and T be
algebroid varieties in E~(Y). Denote by M, - - -, M, the components of the
intersection of U and V and by Ny, - - -, Ny the components of the intersection
of S and T. Then the components of the intersection of UXS and VXT in
E~(X)XE"(Y) are the varieties M;XN; (1=i=<a, 1 Zj=<0b).

Let P be a component of the intersection of UXS and VXT. Since
PCUXS, we have prx PCprx (UXS)="U; we see in the same way that
prx PCV, pry PCS, pry PCT. It follows that prx P is contained in some
component of the intersection of U and V, say in M;, and that pry P is
contained in some component, say N;, of the intersection of S and T. We
have PC(prx P)X(prr P)CM;XN,; But M;XN; is clearly contained in
both UXS and VXT; it follows that P=M;XN;.

Let now % and ! be any two indices such that 1=k =<a, 1=<I=b. Then
M XN, is contained in some component P of the intersection of U XS and
VXT, and we have seen that P is of the form M;XN;. It follows that
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M,CM;, N\CNj, whence My=M;, N;=N;. This proves that M3 XN, is a
component of the intersection of UX.S and VXT. Theorem 3 is thereby
proved.

THEOREM 4. Let U and V be algebroid varieties in E™(X); let S and T be
algebroid varieties in E*(Y). Let M be a component of the intersection of U and
V and let N be a component of the intersection of S and T. Then M XN is a
proper component of the intersection of UXS and VX T if and only if M and N
are proper components of their respective intersections. If this condition is satis-
fied, we have

(M XN; (UXS)-(VXT)=iM;U-V)-i(N;S-T).

Let u, v, s, ¢, 4, v be the respective dimensions of U, V, S, T, M, N. Then
we have m+n—(u+s)—(@+8)+(u+v)=(m—u—v+up)+(n—s—t+v). The
left side of this formula and both terms on the right side are always greater
than or equal to 0; if the left side is 0, both terms on the right side must be 0,
and conversely. This proves the first assertion of Theorem 4.

Let us construct copies E™(X’) and E*(Y’) of the spaces E™(X) and
E»(Y). We denote by V' and T’ the copies of V and T in E~(X’) and E*(Y’)
respectively. Let Ax and Ay be the diagonals of the spaces E™(X) X E™(X’)
and E*(Y) XE*(Y’). We may consider E™+*(X’, Y’) as a copy of E™**(X, ¥);
we denote by Ax,y the diagonal of Emt*(X, V) XEmt"(X’, ¥’). We have
(Proposition 5, §3, p. 36)

I(MXN; (UXS)-(VXT) =1((MXN)2x; (UXS) X (V'XT)) Axy),
i(M; U-V) = i(M; (U X V') -Ax),
i(N;S-T) = i(N%; (§ X T')-Ay).

It is clear that Ax y =Ax XAy and that (MXN)Ax¥=MAxXNA; also we
have (UXS)X(V'XT)=(UXV')X(SXT’'). It follows that we can reduce
the general case to the case where V and T are linear varieties (the roles of
U, V,S, T, M, N being now played by UX V', Ax, SXT', Ay, M2x, NAar),
A fortiori, we may assume without loss of generality that M is simple on V
and that N is simpleon T.

We can find m linearly independent linear combinations X, - - -, X,.*
of Xy, + - -, X,, with coefficients in K which are such that P(M) is algebraic
and separable over the field of quotients of K[[x*, - - -, x*]] (where x* is
the function induced by X* on M). Let Y*, - - -, Y.* be linear combinations
of Y3, - - -, ¥, with coefficients in K which enjoy a similar property with
respect to N. The ring K[[X, V]] is clearly a Kroneckerian product of
K[[X]] and K[[Y]] over K; it follows from Lemma 3, §3, part I, p. 18
that f(M XN) is a Kroneckerian product of f(M) and f(N) over K. It follows
from Lemma 4, §3, part I, p. 19 that x*, - - - , x*, »* - - -, y*are analyt-
ically independent over K in f(M XN) and that P(M XN) is generated by
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adjunction to K((x&*, - - -, x* &% -, %Y%) of the elements of P(M)
and P(N). It follows that P(M'XN) is algebraic and separable over
K((x*, - - -, x* 9 -+, %). This being the case, we have seen in §3
that W(M +N) contains a field A which is a complete system of representa-
tives for the residue classes modulo the ideal of nonunits and which contains
K({(X# ---, XX V¥ ..., VX)), Moreover, if & and 7; are the elements
of A which represent the residue classes of X and V¥ (u+1=k=m,
v+1=1=<n), M(MXN) is the ring of power series A[[X} —Eu1, - -+,
Xt —Em Y=, - - -, Y¥—na]]. Let Ay be the field obtained by adjunc-
tion of &,44, + + ¢, &n to K((XF¥, - - -, X,¥)) and let Ay be the field obtained
by adjunction of 7,41, - - -, 7. to K((Y{, - - -, V¥)). If we represent an
element of K[[X]] as a power series with coefficients in A in the elements
X¢—&, Y¥—n (u+1=k=m, v+1=I=<n), it is clear(?®) that the expression
will contain only the X*—§:'s, and that the coefficients will belong to Aa.
It follows immediately that the ring Asu[[X¥ —&ut1, - - -, XK —En]] con-
tains M(M) and is a completion N(M) of N(M). In the same way, we see
that the ring An[[ Y}, =91, - - -, V¥ —n.]] is a completion N(N) of N(N).
We may therefore consider (M X N) as a Kroneckerian product of N(M)
and N(N) over A.

Since M is regular on V, we can find m —v elements Fy, -+ -, Fn_, of
K[[X]] which form a system of parameters in (V) and which can be in-
cluded in a regular system of parameters {Fi, - - -, Fn_,} in R(M). In the
same way, we can find #»—¢ elements Gy, - - -, G,—, which form a system of
parameters in N(T) and which can be included in a regular system of para-
meters {Gy, - - -, Gny} in N(N). Since (M X N) is a Kroneckerian product
of N(M) and N(N), it follows from Lemma 4, §3, part I, p. 19, that we
have

[RM X N):A[[F1, - -+ ) Frcyy Gry -+ + 5 Gass]]]
= RO :Ax[[Fy, - - - s Fu]]]- [RWV):AN[[Gry - - -, Gal]]] = 1

which proves that Fy, - - -, Fn_y, Gi, - - -, Ga—, form a regular system of
parameters in (M X N). On the other hand, it is clear that Fy, - - -, Fn_,
Gy, - - -, G, form a system of parameters in (VX T).

Let u be the prime ideal which corresponds to U in K[[X]]; let 8 be the
prime ideal which corresponds to S in K[[Y]]. We denote by F; the residue
class of F; modulo u, and by G} the residue class of G; modulo 8. It follows
from Proposition 4, §3, p. 35, that

W(M; U-V) = eQR(M)/uR(M); Fy, - -+, Fs)
= [R(M) /(M) : Ane[[F*]]].

(*®) The ring K[[Elr Tty £ﬂ]][£ﬂ+h ct E'n] is integral over K[[flr ) zll]] and is
therefore complete. It is clear that &4, , m are not units in this ring, whence

K[l&, - -+, &]lltun, -« - &l =K[[&, - - -, ]
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Let 1 be the ideal generated by u and 8 in K[[X, Y]]; w is the prime ideal
which corresponds to UXS. We denote by F{® and G} the residue classes of
F; and G; modulo . In the same way as above, we see that

i(N; S T) = [R(W)/8R(W): ax[[G°]]],
(M X N; (UXS) (VXT) = [RM X N)/wRM X N):A[[F",6"]]].

It follows from Lemma 3, §3, part I, p. 18, that N(M XN)/wR(M XN)
is a Kronecker product of N(M)/uN(M) and RN(N)/N(N) over A. The
formula (M XN; (UXS)-(VXT))=4(M; U-V)i(N; S-T) follows therefore
immediately from Lemma 4, §3, part I, p. 19.

5. The projection formula. We consider two series of letters { X1, - - -, X}
and { Yy, -, Y,.}. Let U be an algebroid variety in E»t*(X, V). We denote
by Ox the origin in the space E™(X).

DEFINITION 1. If the intersection of U and 0x X E*(Y) has no component of
dimension greater than 0, we say that U has a finite projection index with
respect to E™(X).

This condition may also be formulated in the following way: the variety
U does not contain any variety U’ of positive dimension such that prx U’ =0x.
It follows immediately that, if U has a finite projection index, then every
sub-variety of U has also a finite projection index.

Let u be the ideal which defines U; then the ideal which defines prx Uis
uNK[[X]]. If we identify the residue class of an element F(X)EK[[X]]
modulo uNK[[X]] with the residue class of F(X) (considered as an element
of K[[X, ¥]]) modulo u, we see that f(prx U) becomes identified with a
subring of f(U). Let ¢ be the maximal prime ideal in f(prx U). The sub-
varieties of U whose projection on E™(X) is 0x correspond to the prime ideals.
containing ¢ in f(U). The condition that U should have a finite projection
index is therefore equivalent with the condition that the only prime ideal
containing ¢ in f(U) be the maximal prime ideal of f(U). If this condition
is satisfied, any system of parameters in f(prx U) is also a system of parame-
ters in f(U). In fact, we know (Proposition 7, L.R., §III, p. 703) that we
can find # linear combinations x7*, - - -, x,* of the functions induced by
Xy, - -+, Xn on U which form a system of parameters in f(U) (where
uw=dim U). The functions induced by X, - - -, X» on U are therefore
integral over K[[x¥, - - -, xX*]]. It follows that f(prx U) is integral over
K[[x* - - -, xX]], which proves that dim (prx U)=u; our assertion follows
immediately from this formula. Furthermore, we see that f(U) is integral
over f(prxU). This justifies the following definition:

DEFINITION 2. Assume that a variety U in E*t(X, Y) has a finite projec-
tion index with respect to E™(X). Let us identify f(prx U) with a subring of f(U)
in the manner which was indicated above. Then the number [f(U):f(prx U)]
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is called the projection index of U this number will be denoted by j(U; X).

THEOREM 5. Assume that a variety U in E»t(X, Y) has a finite projection
index with respect to E™(X). Let V be a variety in E™(X) and assume that M
is a proper component of the intersection of prx U and V. If My, - - -, M, are
all the distinct components of the intersection of U and VX E™(Y) whose projec-
tion on E™(X) is contained in M, then each M; is a proper component of the
intersection of U and VXE"(Y), and we have prx M;=M (1 <i=<g). Further-
more, the following formula holds true:

JU; X)-i(M; (prxU)-V) = ij(Mi; X) i(M;; U-(V X EXY))).

Let %, v and u be the respective dimensions of U, V and M. Then
dim M;=u+v+n—(m~+n)=u. Since M, is a subvariety of U, it has a finite
projection index on Em(X), whence dim M;=dim prx M;<p since
prx M;CM. It follows that dim M;=p, that is, that M; is a proper com-
ponent of the intersection of U and VXE"(Y), and that dim prx M;=p,
whence prx M;=M.

We construct a copy E»+*(X’, ¥’) of the space E™**(X, ¥); then E™(X’)
is a copy of E.(X) and we denote by V' the copy of V in E*(X’). Let Axy
be the diagonal of the space E™**(X, Y) X E™*"(X’, ¥’); then

(M U-(V X ENY))) = e@uxy xer o (M¥); & — 2,y — )

where xi, x¢, y1, ¥/ are the functions induced on UX V' X E*(Y’) by X;, X/,
Y, V! respectively. Let u be the prime ideal in K[[X, Y]] which corre-
sponds to U, and let v’ be the prime ideal in K[[X’]] which defines V".
The variety UX V' XE®(Y’) is defined by the ideal generated by u and v’ in
K[[X, Y, X', Y’]]. This last ring is identical with K[[X, ¥, X', Y'—V]],
and u and v’ are contained in K[[X, ¥, X’]]. It follows easily that the ideal
generated by u, b’ and the # elements ¥/ — ¥, (1 </=<n) is prime. This ideal
defines a certain variety W contained in UX V'’ X E*(Y’)(*). The ideal gener-
ated by the 7 elements y/ —y; in the ring %waxgn(y:)(Mﬁ’x-") is therefore
prime. Making use of the corollary to Theorem §, §5, part I, p. 25, we
obtain

i(Ms; U-(V X ENY))) = eRw(MFY); 8 — §)

where & and &/ are the functions induced by X and X on W. Let also
Mm, - -+, . be the functions induced by V3, - - -, ¥, on W. It is clear(*)
that f(W)=K|[[£ &, n]] is isomorphic with f(UXV’) and is therefore a

(2*) W is the intersection of UX V’'XE"(Y’) with E?*(X, X') XAY; this variety contains

MbxT.
(3%) The projection of Won E**(X, ¥, X') is UX V' and we have j(W; X, ¥, X')=1.
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Kroneckerian product of K[[£, #]] and K[[¢']] over K. The elements 7, are
integral over K[[£]]; it follows that f(W) is finite over 0 =K|[[£, £']]. We
assert that [f(W):0]=4(U; X). In fact, let {¢o1, e, ¢,,._.,} be a system of
parameters in K [[£]], and therefore also in K[[£, 7]], and let {¢{, - - -, ¥i_,}
be a system of parameters in K[[£’]]. It follows from Lemma 4, §3, part I,
p. 19, that

[fw):k[[e, v']1] = [K[[& 21):K[[e]1]- [K[[&']]: K[ 1],
(K[le &1):K[[e, v']]] = [K[[e]):K[[o]]]- [K[[&]]: K [[v']]]

whil;;e}gf)(m101= [K[[& 2]1:K[[6]1)/ [K[[£]): K [[#]1]= [[(D): f(prx V)]
=j(U; X).

Let m; be the ideal which corresponds to M%.¥ in f(W), and set
m=m;MNo. The ring o is isomorphic with f((prxU) X V’); in this isomorphism,
m is associated with the prime ideal which corresponds to the subvariety
MAx of UX V' (where Ax is the diagonal of E»(X) X E™(X')). It follows that
m does not depend upon 2. Denote by & the subring of Mw(M2%.¥) which is
generated by om and f(W), and set m¥*=3m,;. Then & is finite over om and
is therefore a semi-local ring (Proposition 3, L.R., §II, p. 694), and m}* is
a maximal prime ideal in &. Conversely, let m* be any maximal prime ideal
in &; then m*=m’S, where m’ is a prime ideal in f(W) whose intersection
with o is m(®). The prime ideal m’ defines a subvariety M’ of W, that is, also
of UXV'XE(Y’). Since M'CW, then n functions Y/ — Y, vanish on M’;
since m contains & — &, (1 =k <m), the functions X{ — X (1 £k <m) vanish
on M’ whence M’'CAx,y. It follows that M’=(M'’)2x.Y¥ where M’ is a sub-
variety of E#t*(X, V) which is contained in U and in VXE*(Y). Since
m’MNo=m, we have prxM'' = M, whence M'’ = M, for some <. It follows that
mf¥, - - -, m*are all the maximal prime ideals of &.

The ring Nw(M2x.7) is identical with the ring of quotients of m* with
respect to 3. Let § be a completion of &, and let €; be the primitive idem-
potent which corresponds to m*J in J(32). Then there exists an isomorphism
of Nw(M2x.¥) with Te; which maps every element £ of & upon £e;(33). We

have _
(M U-(V X EN(Y))) = e(eds; (£ — £es).

Let L be a basic field of o, that is, also of Nw(M2%.¥). Then Le; is a basic
field of Je;, and we have

[Sei:Lei[[(¢ — Des]]] = e(Jei; & — Hen)- [S/m*:L].
The field §/m¥* coincides with Nw(MAx.¥)/ mNw(MAx.¥). It is the field of
quotients of f(W)/m;=f(M2x.¥), which is isomorphic with f(M;). Similarly,

(®) & may be regarded as a ring of quotients of f(W¥).

(®) Cf. Proposition 2, L.R., §II, p. 693.

() Cf. my paper On the ring of quotients of a prime ideal, Bull. Amer. Math. Soc. vol. 50
(1944) p. 93.
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o/m is isomorphic with the field of quotients of f(M). We have [J/m#*:L]
= [S/m#:0/m]- [o/m:L] = [{(M):f(M)]- [o/m:L]=j(M:; X)- [o/m:L].

It is clear that >.{[Je:Le[[(¢ — He]]] = [:L[[¢ — £]]]. Let
{al, RN ad} be a maximal system of elements of & which are linearly inde-
pendent with respect to om; it follows easily from Proposition 7, L.R., §1I, p.
699, that {al, cee, ad} is a maximal system of elements of & which are line-
arly independent over om and that [S:L[[&'—¢]]]=d- [om:L[[¢'—£]]]
(where dm is the adherence of om in § and is therefore a completion of pm).
Tt follows that

[S:L[[¢ — £]]] = [S:0m]-€(om; & — £ [o/m:L].

“The number [$:om]isequal to [f(W):0], thatis, to j(U; X) as we have shown
.above. The number e(om; £’ —£) is equal to 7(M; (prxU)- V). It follows that

J(U; X)i(M; (prxU)-V) [o/m:L|
g
= 22 i(Mi; U-(V X EXY)))-j(Mi; X)- [o/m:L].
=1
“Theorem 5 is thereby proved.

6. Associativity of intersections. Let U, V and W be three algebroid
‘varieties in E*(X). By a component of the intersection of U, V and W we
‘mean a variety M which is contained in U, in V, and in W but is such that
no variety containing M and different from M itself has the same property.
“The components of the intersection of U, V, and W are clearly the compo-
‘nents of the intersections of U with the components of the intersections of
V and W. Let #, v, and w be the dimensions of U, V, and W respectively;
it follows immediately from Theorem 1, §2, p. 31, that the dimension of any
component of the intersection of U, V, and W is at least u+v+w—2n. If
-one of these components is of dimension exactly u+v+w—2n, we say that
it is a proper component of the intersection of U, V, and W. Let us intro-
-duce two copies E*(X’) and E*(X’’) of the space E*(X); let V' be the copy
.of Vin E~(X’) and let W'’ be the copy of W in E*(X'’). The 2n elements
X{ =X X' =X 1Sk=<n) of K[[X, X', X'']] generate a prime ideal b;
let A be the corresponding subvariety of E3*(X, X/, X'’). Assume that M
‘is a proper component of the intersection of U, V and W, and let m be the
prime ideal in K [[X]] which corresponds to M. We see easily that the ideal
-generated by m and b in K [[X, X’, X']] is prime; it defines a variety which
we may denote by M2. This variety is a subvariety of UX V' X W'/, and we
see easily that it is a proper component of the intersection of UX V' X W'’
‘with A (cf. proof of Theorem 1, §2, p. 31). Let xx, x#, x{’ be the functions
induced on UXV’'XW' by X, X{, X{' respectively. The 2n elements
xf —xi, x{' —x; are seen to form a system of parameters in Nyxy xw: (M2)
(here again, cf. proof of Theorem 1, §2, p. 31). The multiplicity
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i(M; U-V-W) of M in the intersection of U, V and W is defined to be
the number

i(M; U-V-W) = eQRuxvxw(M2); ' — z, 2" — x).

Theideal generated by the elements xy —x, x4’ —xin the ring Nuxv xw (M2)
coincides with the ideal generated by the elements xy —x&, ¢’ —x¥ and also
with the ideal generated by the elements x{’ —x¢, x§’ —x:. It follows im-
mediately that ¢(M; U-V-W) does not change if we permute U, V, W in
any way (cf. Proposition 3, §2, part I, p. 14).

THEOREM 6. Let U, V and W be three algebroid varieties in E*(X), and as-
sume that M is a proper component of the intersection of U, V, and W. Let
Py, - - -, P, be the components of the intersection of U and V which contain M ;
then each P; is a proper component of the intersection of U and V, and M is a
proper component of the intersection of P; and W. Moreover, we have

g
WM; U-V-W) =D, i(P; U-V)i(M; P;-W).
=1

We introduce three different copies E*(X’), E*(X'’), and E*(X'"") of
the space E*(X). We denote by V' the copy of V in E»(X’) and by W'’ the
copy of Win E#(X’’). Let R be the variety UX V' XW'' XE~(X'"). If m is
the prime ideal in K [[X]] which corresponds to M, the ideal generated by
m and the 3z elements X/ —Xi, X{'—Xi X{"—Xi (1Zk=<n) in
K[[X, X', X", X"""]] is prime and defines a subvariety of M* of R. The
projection of M* on E3*(X, X', X'’) is clearly the variety which was denoted
above by M?%; moreover, we have j(M*; X, X’, X'’)=1. Let A* be 'the sub-
variety of E4*(X, X’, X'', X''') which corresponds to the ideal generated by
the 37 elements X — X, X{' — X, Xi¢' — X« (1=k=n). Then the projec-
tion of A* on E3*(X, X', X'') is the variety which was denoted above by A,
and we have j(A*; X, X'/, X'')=1.

By Theorem 5, §5, p. 42, we have

(M2 (U X V' X W")-A) = i(M*; R-A%).

It follows immediately from Proposition 4, §3, p. 35, that ¢(M2;(UX V' XW'’)
‘A)=i(M; U-V-W) (cf. proof of Proposition 5, §3, p. 36). Moreover, it fol-
lows from the same source that (M*; R-A*) =e(Ne(M*); x' —x, 2’/ —x’,
x'""—x'") where xx, x¢, x{’, x{'’ are the functions induced on R by X, X
X{', X" respectively.

Let p; be the dimension of P;; then p;=u-+v—n, and, since M is a com-
ponent of the intersection of P; and W, dim M Zp;+w—mn. Since dim M
=u+tv+w—2n, we conclude that p;=u-+4v—n and that dim M =p;+w—mn.
Therefore, P; is a proper component of the intersection of U and V and M
is a proper component of the intersection of P;and W.
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Denote by Ay, the diagonal of the space E*(X) XE*(X’) and by A, ; the
diagonal of the space E*(X'') XE™(X''"). Set P¥=(P;)20.1 X (W'")A22. Then
P¥ is a subvariety of R; let p; be the prime ideal in f(R) which corresponds
to P¥. We have M*C P¥, and therefore p;Ne(M*) is a prime ideal in Ne(M*).
This prime ideal obviously contains the 2% elements x/ —xi, xp"' —xf’
(1=k=n). Its dimension is equal to dim P*—dim M*=p,+w—(u+v+w
—2n) =n; it follows that p,Ne(M*) is a minimal prime divisor of the ideal
generated by xf —x1, « -+, X4 —%a, 21" =27, - - -, %/ =2, in Ne(M*) (cf.
corollary to Theorem 2, §1, part I, p. 11). Tracing our steps back, it is
easy to see that conversely every minimal prime divisor of the ideal gen-
erated by xf —x1, * * + , %) —%n, 1" —x7, - - -, x5’ —x, coincides with one of
the ideals p:Nz(M*).

The ring of quotients of p;Nr(M*) with respect to Ne(M*) is Ne(P¥).
The ring Ne(M*)/pNe(M*) is isomorphic with Np;(M*). Making use of
Theorem 5, §5, part I, p. 25, we get

g
i(M; U-V-W) = 3 eRp(M*); £ — £)eRe(P¥); & — x, &/ — &)
=1

where £/ and £{’ are the functions induced on P#* by X{ and X}’ respec-
tively. Making use again of Proposition 4, §3, p. 35, we see that
e(Npy(M*); &' —¢') is equal to i(M*; P¥- (A2 XE»(X)XE"(X""))), where
Aps-is the diagonal of the space E*(X') XE"(X''). If we project E4"(X, X',
X', X" on E2»(X’, X'"), it is clear that the only subvariety of P}* whose
projection is the origin of E**(X’, X'’) is the origin of E*~(X, X', X", X'").
It follows that dim prx- xP¥*=dim P¥ Let P! be the copy of P;in E*(X’);
we see immediately that any element of K [[X’, X’’]] which vanishes on
P! XW' also vanishes on P¥; it follows that prx. x P*C P! XW’’. Since
dim P¥=dim P! XW', we have prx. xP¥=P! <W'. It follows immedi-
ately from the fact that X{ —X, and X;’—X;' vanish on P} that
j(P¥; X', X"')=1. By similar arguments, we see that the projection of M*
on E(X’, X'") is (M’)t.2, where M’ is the copy of M in E»(X’). It is clear
that the only component of the intersection of P* and A; 2 X E*(X) XE*(X"'"")
whose projection on E?>*(X’, X') is (M')41.2 is M*. Therefore, it follows from
Theorem 5, §5, p. 42, that e(Np-(M*); &' —E) =s((M')21.2; (P! XW'') -Ay,9)
=i(M; P;-W).

Making use once more of Proposition 4, §3, p. 35, we see that
eMe(P¥);x’ —x,x""" —x"") =i(P¥; R- (A0,1XAs3)). The projection of Aq,1XAs,3
on the space E*(X, X', X'') is Ay, XE"(X''); the projection of P} on the
same space is P;20.t X W'/, and we have obviously j(Ao1XA:,35; X, X', X'') =1,
j(P¥ X, X', X'")=1. Moreover, P}* is the only component of the intersection
of R and Aq,1 XAz, whose projection is P2 X W', It follows from Theorem 3,
§5, p. 42, that e(Re(P¥); x'—x, &' —x'") =i(PorXW'; (UXV'XW")

(A0 1 XE*(X'")). Now W'’ may be considered as a proper component of the
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intersection of W’/ .and E*(X'’), and, as such, it has the multiplicity 1. There-
fore, it follows from Theorem 4, §4, p. 39 that

. Ao,1

WP X W (U X V!X W) (A1 X E (X))

i(Pi; (U X V')-Ap,0)
= i(P;; U-V).
Theorem 6 is thereby proved.
7. Algebroid hypersurfaces. Now we propose to study the algebroid varie-
ties of dimension n—1 in E*(X).

PRroOPOSITION 1. Let K be a field whick contains infinitely many elements, and
let Xy, - - -, X, be n letters. Then the theorem of unigue factorization in prime
elements holds in K[[X,, - - -, Xa]](®).

We proceed by induction on #z. Our assertion is obvious if n=1. Assume
that #>1 and that our assertion holds for n—1. We observe first that it
follows that a ring of power series in #—1 letters with coefficients in K is in-
tegrally closed in its field of quotients. Now, let p be a prime ideal of dimension
n—1in K[[Xy, - - -, X.]]. Making use of Proposition 7, L.R., §III, p. 703

we see that there exist # — 1 linear combinations X*, -+ -, X, * 0f X3, - - -, X,
with coefficients in K whose residue classes x*, + - -, x5 form a system of
parameters in K [[X]]/p. Let X,* be a linear combination of Xi, - - -, X,
which is linearly independent of X¥ - - -, X.*,, and let x% be the residue
class of X* modulo p. Then x.* is integral over K [ [x#, - - -, x.£1]]. Since this
last ring is integrally closed in its field of quotients, x,* is a zero of a poly-
nomial F(x*, - - -, x*;, T)EK|[[x* ---, x*:1]][T] whose leading co-
efficient is 1 and which is irreducible in K((x*, - - -, x.*1))[T]. Then
F(X¥* - -+, Xk, X.¥) is a power series F*€K [[X,, - - -, X.]] and belongs

to p. We shall prove that F* is a generator of p. Let G be any element of p;
we may represent G in the form of a power series G¥*(X¥, - - -, X.¥) in
X#, - - -, X2 and we have G*(xf, - - -, x.5) =0. Let f be the ideal generated
by F*, and let % be the class of X* modulo f (1 <k=n). Since fCp, there
exists a continuous homomorphism of K[[X]]/f onto K[[X]]/p which
maps % upon xF (1=k=n). If d is the degree of F with respect to T,
every element of K [[X]]/} may be represented as a linear combination of

1, ¥, - - -, X1 with coefficients in the ring K [[2#, - - -, #*.]] and every
element of K [[X]]/p may be represented uniquely in the form of a linear com-
bination of 1, ., - - -, x*41 with coefficients in K [ [x*, - - - , x%1]]. It fol-

lows that our homomorphism is an isomorphism and that p=K[[X]]F*.
Now, let G be any irreducible element in X [[X]]. Then G can be included

in a system of parameters in K[[X]] (Lemma 3, §1, part I, p. 5) and it

follows that any minimal prime divisor p of K [[X]]G is of dimension n—1
(¥) This proposition is usually deduced from the Weierstrass preparation theorem. The re-

sult which we use here (Proposition 7, L.R., §II, p. 703) is easily seen to be a generalization of
the preparation theorem,
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(cf. corollary to Theorem 2, §1, part I, p. 11). We have p=K[[X]]P, which
shows that G is a multiple of P. Since G is irreducible, we have G = EP, where
E is a unit, and K [[X]]G=p. It follows that if G divides a product of two
elements in K [[X]], then it divides one of them.

Let H be any element not equal to 0 in K [[X]]. Call the leading form of H
the sum of the terms of smallest degree in H. Then, if H is decomposed into
the product H’H'' of two elements in K [[X]], the leading form of H is the
product of the leading forms of H’ and H'’, and these leading forms are of
degrees smaller than the leading form of H unless H' or H'' is a unit. It fol-
lows immediately that every element can be decomposed in at least one way
into a product of units or irreducible elements. This result, combined with
the result which was proved above, shows that the unique factorization theo-
rem holds in K [[X]]. At the same time, we have seen that every prime ideal
of dimension n—1 in K [[X]] is principal.

Returning to the case where K is algebraically closed, we introduce the
following definition:

DEFINITION 1. A7 algebroid variety of dimension n—1 in E*(X) s called an
algebroid hypersurface.

It follows that the prime ideal which corresponds to an algebroid hyper-
surface is principal. If F is a generator of this ideal, we shall say that F=0 is
an equation of the hypersurface, or that the hypersurface is represented by the
equation F=0(%).

PRrOPOSITION 2. Let S be a hypersurface in E*(X), represented by an equa-
tion F=0. Let U be any algebroid variety in E~(X). If U is not contained in S,
every component of the intersection of U and S is proper; if M is one of these
components, we have 1(M; U-S) =e(Mu(U); FY), where FUV is the function in-
duced by Fon U.

Let u be the dimension of U; if U is not contained in .S, any component
of the intersection of S and U is of dimension not greater than u—1=u"
+(n—1) —n, and is therefore proper.

Let us introduce a new letter Y. The power series ¥ — F(X) is clearly
irreducible in K [[X, ¥]]. We denote by S’ the hypersurface represented by
the equation ¥ —F(X)=0. We have clearly prxS’'=E"(X), j(S’; X) =1. The
variety U may be considered as the only component of the intersection of U
and E~(X) and +(U; U-E*(X))=1. Therefore, it follows from Theorem 5,
§5, p. 42 that the intersection of UXE?(Y) and S’ has only one component,
which we call U’, and that «(U’; (UXEWY))-S")=1,prxU'=U,j(U’; X) =1.
Let L be the hypersurface defined by the equation Y=0 in E**(X, Y). We
set M'= M X0y, where Oy is the origin in E(Y). Then M’ is contained in

(®) Following the terminology of A. Weil, we do not say that for instance F?=0 is an
equation of the hypersurface.



1945] INTERSECTIONS OF ALGEBRAIC AND ALGEBROID VARIETIES 49

the intersection of U’ and L, and a comparison of dimensions shows immedi-
ately that M’ is a proper component of this intersection. The intersection
of L and S’ has only one component which is SXO0y, and this component is
of multiplicity 1, as follows for instance from Proposition 6, §3, p. 36. The
number ¢(M’; (SXOy) - (UXEYY)) is equal to ¢(M; U-S) by Theorem 5,
§5, p. 42. Making use of Theorem 6, §6, p. 45, we obtain +(M; U-S)
=¢(M'; U’-L). By Proposition 4, §3, p. 35, we have «(M’; U’-L)
eNy (M'); YU')=e(Nu-(M'); FU’), where YU’, FU’ are the functions induced
by Y and F on U’ (we have YV'=FU’ because U’C.S’). Since j(U’; X) =1,
f(U’) is isomorphic with f(U) under an isomorphism which maps FU’ upon
FU and the ideal which corresponds to M’ upon the ideal which corresponds
to M. It follows that e(Ny/(M’); FU') =e(Nu(M); FU). Proposition 2 is proved.

If M is a proper component of the intersection of a variety U and a hyper-
surface, the ring N (U) is a geometric local ring of dimension 1. We shall
now obtain some results on such rings, in connection with valuation theory.

Let first o0 be a complete local ring of dimension 1 which contains no
zero divisor not equal to 0. Let K be a basic field of o and % be a parameter
in o. There exists a valuation v, of K((#)) whose valuation ring contains
K[[«]]; we may for instance take v:(F(x)) =k if F(U) is a power series of
the form U*E(U), E(0)0. Moreover, any other valuation v{ of K((«))
whose valuation ring contains K [ [#]] is of the form av;, with some constant
a=v{ (u); this follows immediately from the fact that v{ (E(x)) =0 if £(0) 0.
Since K [[«#]] is a complete valuation ring, v, may be extended in a unique way
to a valuation v of the field of quotients Z of o. It is clear that v is the only
valuation of Z whose valuation ring contains o. Let b be the valuation ring of
v, and let p be its valuation ideal. Then the domain of values of v consists of
the multiples of 1/e, where e is the number [Z:K((%))]/[v/p:K]. If m is the
ideal of nonunits in o, we have [Z:K((«)) ] =e(o; ) [o/m:K]. Since the num-
bers [v/p:K], [o/m:K] do not depend on %, we see that the functions v(x),
e(o; x) differ only by a constant factor for all x&m. In other words, there is
a valuation of Z which coincides with e(o; x) on m.

Assume now that o is any geometric local ring of dimension 1 which has
no zero divisor not equal to 0. Let 5 be a completion of o, and letny, - - -, n,
be the prime divisors of the zero ideal in 5. Then o is mapped isomorphically
by the natural mapping of § onto 5/n.. Let #; be the valuation of o/n; such
that #;(%) =e(d/n;; %) for every nonunit £ in 5/n:. Then there corresponds
to 9; a valuation v; of 0. Since o is a geometric local ring, we have e(o; x)
=) ¢_,e(d/n:; %) where x is a nonunit in o and #; is the residue class of x
modulo n;. It follows that e(o; x) =) ¢ ,v:(x). Conversely, every valuation
v of 0 is proportional to one of the valuations v;. In fact, let b be the valuation
ring of v, and let § be the completion of b (considered as a valuation ring).
Denote by o* the adherence of o in 6. It follows from Theorem 1, L.R., §II,
p. 698 that o* is a homomorphic image of 5. Since o* is clearly not of dimen-
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sion 0, it is isomorphic with one of the rings 3/n;, which proves our assertion.
8. Cycles.

DEeFINITION 1. By a cycle of dimension u in E*(X) we mean a formal linear
combination of a finite number of u-dimensional varieties in E*(X) with integral
non-negative coefficients.

The cycles of a given dimension # may therefore be added and multiplied
by non-negative integers. A’ variety U will be identified with the cycle 1. U.

DEFINITION 2. We say that two varieties U and V in E*(X) have an intersec-
tion cycle if every component of their intersection is proper. This being the case,
we set U- V=2 i(M; U-V)M, the sum being extended over all components M
of the intersection of U and V. Let > a:U;=X and >°b;V;=Y be two cycles
(with U;# Uy for i1, V;5 Vi for j#5’). If whenever a;b;#0 the varieties U,
and V; have an intersection cycle, then we say that the symbol X - Y is defined,
and we set X - Y=Zi,jaibjUi' V; (the summation being extended to the combi-
nations (1, j) such that a;b;50).

Let us consider two local spaces E*(X;) and E"*(X,). Let X1=E,-a,~U;'1
be a cycle in E*(Xy) and let X;=Y_,6;U;, be a cycle in E"2(X,). Then we
denote by X1 XX, the cycle X_a:b;Ui1 X Ujz in E*(X,) XEn2(X,).

THEOREM 4a. Let X, and Y, be cycles in E*(X,) and let X, and Y, be cycles
in Erx(X,). If the symbols X, Y1 and X, Y, are defined, then (X,XX,)
(Y1 X Yy) is defined and is equal to (X, Y1) X (X V2).

This follows immediately from Theorem 4, §4, p. 39.

Remark. It is easy to see that if (X1XX,) - (V1XY,) is defined, then X;- ¥,
and X;- Y, are defined except perhaps if one of the cycles X1, X, Vi, V2 is
the zero cycle.

Let now U be a cycle in E®(X) X E*(Y), and set U= _.a.U;. If, whenever
a:;7#0, U; has a finite projection index on E™(X), we say that the symbol
al.pr.xU is defined and equal to > ai(Us; X)prxU; (the summation being
extended over the indices ¢ for which a;#0).

THEOREM 5a. .Let U be a cycle in E"(X)XE"(Y) and let V be a cycle in
Em(X). If either one of the symbols (al.pr.xU)-V and al.pr.x(U-(VXE"*(Y)))
1s defined, the other is also defined and both represent the same cycle.

It follows immediately from Theorem 5, §5, p. 42, that if the first one
of our symbols is defined, the second one is also defined and that the symbols
are equal in this case. Assume now that the second symbol is defined. As-
sume that a variety U; occurs with a coefficient not equal to 0 in U. If the
projection on E™(X) of a subvariety of U is the origin, this subvariety is
necessarily contained in any variety of the form V;XE(Y). It follows that,
if V0 (which we may assume, since otherwise the first symbol is trivially
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defined), the symbol al.pr.xU is defined. Let U; be a variety which occurs
with a coefficient not equal to 0 in U and let V; be a variety which occurs
with a coefficient not equal to 0 in V; let # and v be the dimensions of U
and V. If prxU; and V; had a variety of dimension greater than u+v—m in
common, this variety would be the projection of a subvariety of U; of dimen-
sion greater than %+ —m which would also be contained in VX E*(Y), which
is impossible(®). It follows that the first symbol is defined.

THEOREM 6a. Let U, V and W be three cycles not equal to 0 in E~(X). If
either one of the symbols (U-V)-W or U-(V-W) s defined, the other is also
defined and both symbols represent the same cycle.

Let u, v, and w be the respective dimensions of U, V, and W. Let M be
a component of the intersection of U;, V;, and W, where U;, V;, and W;
are varieties which occur with coefficients not equal to 0 in U, V, and W re-
spectively. Then M is contained in some component P of the intersection of
U:and V;;if (U-V)- Wis defined, we have dim P=u+v—n, dim M = (dim P)
+w—n=u+v+w—2n. We see in this way that if either one of the symbols
in question is defined, every component of the intersection of U, V, and W
is proper and Theorem 6a then follows easily from Theorem 6, §6, p. 45.

To every irreducible power series F in K[[X]], we assign the cycle
(F)=1-8, where S is the algebroid hypersurface represented by the equation
F=0. If (F) is any power series not equal to 0, we set (F) = (Fy)+ - - - +(F»)
if F=EF, - - - Fy is a decomposition of F into the product of a unit E and
of irreducible factors Fy, + - -, F, ((F)=0if Fis a unit).

If Fy, - - -, F, are power series not equal to 0, and if the intersection of the
cycles (F1), - - -, (F,) is defined, we set

(1, -+ Fp) = (Fy): -+ -(Fy).
If this cycle exists, it is of dimension 7 —g.

THEOREM 7. Let U be a variety, and let Fy, - - -, F, be g power series. As-
sume that the cycle U-(Fy, - - -, F,) is defined. If M is a variety which occurs
with a coefficient not equal to 0 in U- (Fy, - - - , F,), then the functions FY, - - -, F:’
induced by Fy, - - -, Fy on U form a system of parameters in Ny (M) and the co-
efficient of M in U-(Fy, - - -, F,) is e(Ru(M); FZ, - - -, FY).

We proceed by induction on g. Assume first that g=1. If F;is irreducible,
our assertion follows immediately from Proposition 2, §7, p. 48. If not, we
observe that e(Ny(M); FY) => w:(FY), where vy, - - -, v, are a certain
number of valuations in Ny(M) (cf. end of §7, p. 49). It follows that
eNu(M); (FG)V)=e(Ru(M); FU)e(Ny(M); GY) (where F and G are two non-

(3%) We have already seen that U, has a finite projection index on E™(X). It follows that
every subariety of U has the same dimension as its projection and that every subvariety of
prx U, is the projection of some subvariety of Uj.
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units in K [[X]], none of which vanishes on U). It follows immediately from
this that Theorem 1 holds for g=1.

Assume now that Theorem 1 holds for systems of g—1 power series. Mak-
ing use of Theorem 6a, we have U-(Fy, - « -, Fp) =(U-(Fy, « - -, Fg1))" (Fy).
Let M, - + -, M} be the varieties containing M, contained in U, and on which
Fy, - - -, F,_yvanish. Then, by our induction assumption, the coefficient of M
in U-(Fy, - - -, F,) isequal to X e(Ru(M); FY, - - -, FL,)-e(ur,(M); F%),
where Ff“ is the function induced on M; by F,. Let m; be the prime ideal
which corresponds to M; in f(U); then the ideals m:Ny (M) are exactly all
the minimal prime divisors of the ideal generated by F{, - - -, FL_; in Ry (M),
and Ny(M;) is the ring of quotients of m;Ny(M) with respect to Ny (M).
The ring N, (M) may be identified with Ny (M)/mNy(M). The ring Ny (M)
is of dimension #— (u+n—g—mn)=g; it is clear that the only prime ideal
in this ring which contains FV ..., Fy is the maximal prime ideal. There-
fore FY, - - -, F,f] form a system of parameters. Theorem 7 then follows im-
mediately from Theorem 5, §5, part I, p. 25.

9. Relative intersection multiplicities. Throughout this section,  will de-
note an algebroid variety in E*(X) on which we shall assume that the origin
0 is a simple point. We shall denote by w the dimension of Q.

The ring f() is identical with Rq(0). Since it is a regular local ring, we con-
clude that f(2) is a ring of power series; more precisely, if {x#, - - -, x*} is
any regular system of parameters in (), we have f(@) =K [ [x*]].

Let us introduce w new letters X7¥, - - -, X.*. Then to every regular sys-
tem of parameters {xl*, <., x,.,*} in f(Q2) there corresponds an isomor-
phism J.- of () with K [[X*]] which maps x* upon X* (1=i=w). This
isomorphism defines a one-to-one correspondence U&2J,+(U) between the sub-
varieties U of @ and the varieties in E¢(X*). We shall make use of this corre-
spondence to study the subvarieties of (.

If we replace {xf, - - -, x*} by another regular system of parameters
{xl**, e, x@**}, the isomorphism J,. is replaced by another isomorphism
J .-, which may be written in the form 4 o J,., where 4 is an automorphism of
K [X*]. The automorphism A establishes a permutation U*&A4(U*) of the
varieties in E*(X*) among themselves. If U is any subvariety of 2, we have
Jooo(U) =A(J=+(U)). It follows that the properties of varieties U* in E"(X*)
which are invariant by any automorphism A4 will give rise to properties of
the subvarieties U of .

LeMMA 1. Let A be an automorphism of the ring K[[Xy, - - -, X.]] and let
U=A(U) be the corresponding permutation of the varieties in E™(X) among
themselves. Then A(U) has the same dimension of U. If M is a component of
the intersection of U and another variety V, then A(M) is a component of the
intersection of A(U) and A(V). If M is proper, so is A(M). If this is the case,
then we have i(M; U- V) =1(A(M); A(U)-A(V)).
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The first three assertions are obvious. In order to prove the fourth one,
let us construct a copy E*(X’) of the space E*(X). To the automorphism 4
of K [[X]] there corresponds an automorphism 4’ of K[[X’]], and there ex-
ists an automorphism A* of K [[X, X’]] which coincides with 4 on K[[X]]
and with 4’ on K [[X']]. Let V’ be the copy of V in E*(X"’); then the copy of
A(V) is A’'(V'). We have A*(UXV')=A(U)XA'(V’'). We shall see that
A*¥(MA)=(A(M))A. Set Fi(X)=A(X;) (1=i=n), whence F,(X')=4"(X!).
Since 4 is an automorphism, Xj, - - -, X, belong to K[[Fy, - - -, F.]], from
which it follows that the functional determinant of Fy, - - -, F, is a unit in
K[[X]) If Xi=¢i(Fy, - - -, F.) (1=i=n) is the expression of X; as a power
series in Fy, + -+, F,, we have X! =¢:(Fi(X’), - - -, Fa(X")) from which it
follows immediately that the ideal generated in K[[X, X’]] by the 7 ele-
ments F;(X’) — F:(X) (1 =7=n) coincides with the prime ideal which corre-
sponds to A; it follows that A*(A) =A, whence A*(M3) CA. On the other hand,
it is clear that prxA*(M2) =A(prxM*) =A (M), whence A*(M3) = (A (M))A.
Let x; and x/ be the functions induced by X; and X/ respectively on UX V’;
in virtue of what we have proved, 4* defines an isomorphism (also denoted
by A*) of mUXV'(MA) with %A(U)XA (V)((A (M))A), and A*(x.-), A*(x.’) are the
functions induced by F;(X), Fi(X’) respectively on A(U), A(V)’. We have

i(M; U-V) = eRawrxamy ((A(M2); A*(x') — A4*()).

On the other hand, we have also seen that the ideal generated by the # ele-
ments A*(x!)—A*(x;) is the same as the ideal generated by the func-
tions induced on A(U)XA(V)' by the elements X! —X; (1<:=<n). Taking
Proposition 3, §2, part I, p. 14 into account, we see that i(M; U-V)
=i(4(M); A(U)-A(V)).

THEOREM 1a. Let U and V be two subvarieties of Q, of respective dimensions
u and v. Then every component of the intersection of U and V is of dimension
at least u+v—w.

This follows immediately from Theorem 1, §2, p. 31, and from Lemma 1.

DEeFINITION 1. Let U and V be two subvarieties of Q, of respective dimensions
u and v. A component M of the intersection of U and V is said to be proper with
respect to L if it is of dimension u+v—w. This being the case, let J .+ be an isomor-
phismof f(Q) withK [[X ¥, - - -, X X*]];then thenumberi(J (M) ; Joo(U) - Joo(V))
is called the relative multiplicity of M in the intersection of U and V with respect
to Q. This number is denoted by io(M; U- V).

This definition is. justified by Lemma 1, which shows that the value of
1(J+(M); Jo»(U)- J+(V)) does not depend upon the choice of J..

LEMMA 2. Let Fy, - - -, F,_, be n—u power series in K [[X]] which vanish at
the origin and whose Jacobian matrix is of rank n—u at the origin. Then the cycle
(Fy, - - -, Fn_y) is defined and represents a variety U on which the origin is
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stmple. If X;,, + + -, Xi, are u of the letters X such that the functional determi-
nant of Fu, - + -, Fa_u with respect to the letters X whick do not occur among
X, - - -, X, does not vanish at the origin, then the functions induced on U by
X, - - -, Xi, form a regular system of parameters in {(U). The prime ideal
which corresponds to U is the ideal gemerated by Fy, - - -, F._,. Conversely,
any variety U on which the origin is simple may be represented in the form
(Fy, » - -, Fu_u), where Fy, - - -, F,_, are power series whose Jacobian matrix
is of rank n—u at the origin.

It is clear that the functional determinantof Fy, « - -, Fy_y, Xiy, + - -, X4y
with respect to Xy, - -, X, does not vanish at the origin. Therefore
Fy, -+, Fa_uy X4y, - - -, Xi, form a regular system of parameters in K [[X]]
(cf. Proposition 2, §3, p. 34), whence K[[X]]=K][[Fi -, Fnu
Xi, - -5 X ]]. The first part of Lemma 2 follows immediately from this
formula. Let now U be a variety of dimension'# on which the origin is simple.
Then there exists a regular system of parameters Fy, - - -, F, in K[[X]]
such that Fy, - - -, Fa_, vanish on U (Proposition 3, §3, p. 35). The func-
tional determinant of Fy, - -, F, with respect to X;, - - -, X, does not
vanish at the origin; it follows that the Jacobian matrix of Fy, - -+ -, Fa_y
is of rank n —u at the origin. Making use of the first part of the lemma, we
see that U'=(Fy, - + +, Fn—y) is a variety of dimension «. Since UCU’, we
have U= U’ and Lemma 2 is proved.

We shall now present an equivalent definition of the relative intersection
multiplicities.

THEOREM 8. Let U be any subvariety of 2. Then there exists a variety Ut
in En(X) such that Uy- Q=U. Let V be another subvariety of Q, and assume
that M is a proper component of the intersection of U and V with respect to Q.
Then, if Uy1is any variety with the property indicated above, M is a proper compo-
nent of the intersection of Uy and V and io(M; U-V)=i(M; Uy- V).

We know by Lemma 2 that we can find w indices 4y, - + -, %o (1 S0y =,
1 £\ =w) such that the functions 7", - - -, x.* induced by Xy, - - -, Xy, on
Q form a regular system of parameters in f(). We can find # —w power se-
ries Fy, - + -, Fa_yin w arguments such that Z, =X, — Fa(Xyy, - - -, Xi) van-
isheson @ 1=h=n—u); (X, -+ -, Xj,_, are the letters which do not occur
among Xy, « + +, Xiy). Wehave K [[X]]1=K[[X:, -+ -, Xin Z1y * * 1, Zns]]-

There corresponds to the elements x* (1 <\ <w) an isomorphism J,- of f(Q)
with E°(X*). Introduce n—w new letters Z;* (1<h=<n—w), and define J
to be the isomorphism of K [[X]] with K [[X*, Z*]] which maps X, upon
X¥ (1=\=w) and Z; upon Z;* (1<h=n—w). Then J establishes a one-to-
one correspondence between the varieties in E#(X) and the varieties in
E~(X*,Z*).Let 0z betheorigin of E*~*(Z*). Then, clearly, J(U) = J.-(U) X 02+
for any subvariety U of @. Let U, be the variety in E*(X) which is defined by
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the condition that J(Uy) = J,.(U) X E**(Z*). Then U is obviously the only
component of the intersection of U; and Q@ and 7(U; Uy- ) =1 by Theorem 4,
§4, p. 39.

Let V, be the variety such that J(Vi) =J,(V)XE*«(Z*) and let U/
be any variety such that U=U{ - Q. If 4 and v are the dimensions of U
and V respectively, U, is of dimension #4u—w and V, is of dimension
n+v—w. Since M is of dimension #+4v—w, it is a proper component of
the intersection of U{, V; and €. It follows from Theorem 6, §6, p. 45 that
i(M; Ul - V)=i(M; U-V1). By Theorem 4, §4, p. 39, we see that «(M; U- V;)
=3(Joo(M); Jo(U)-J(V)) =iq(M; U-V). Theorem 8 is thereby proved.

We shall now proceed to generalize for relative intersections the essential
properties of ordinary intersections.

It would be easy to give a criterion of relative multiplicity 1 which is a
straightforward generalization of Theorem 2, §3, p. 37. Instead, we shall
give here a theorem of a slightly different type, which will be useful in the
intersection theory of algebraic varieties.

THEOREM 9. Let U and V be two subvarieties of Q, of respective dimensions
u and v. Then the following two assertions are equivalent: (1) there exist
n+w—u—v power series of which each vanishes either on U or on V and whose
Jacobian matrix is of rank n+w—u—v at the origin; (2) the intersection of U
and V contains only one component M ; this component is proper with respect
to Q and io(M; U-V)=1; the origin is simple on M. Furthermore, if (1) and
(2) kold true, then the origin is simple on both U and V.

Assume first that (1) holds. Let H, (1<k<n+w—u—v) be power se-
ries which have the described properties. By Lemma 2 above, the cycle
(Hy, -+ +, Hoju—u_v) is defined and is a variety of M of dimension utv—w
on which the origin is simple. If M, is any component of the intersection of U
and V, then clearly MyC M. Since dim My=u~+v—w by Theorem 1a, we
have M = M,. Let u and b be the prime ideals which correspond to U and V;
the prime ideal m which corresponds to M is the ideal generated by
H,, - -+, Hypou and is therefore contained in the ideal generated by u
and v. It follows immediately that m coincides with the ideal generated by
u and . Let q be the prime ideal which corresponds to Q. Then m/q is the
ideal generated by u/q and v/q. Making use of Proposition 6, §3, p. 36 we
see that ¢(J,+(M); J.~(U) - J-(V)) =1, whence io(M; U- V) =1.

Assume now that (2) holds. Since the origin is simple on M, we can
find u letters X, say Xmy, + + -, Xm, such that the functions induced by
Xmy -+ Xm, on M form a regular system of parameters in f(M) (u is
the dimension of M, that is, u=u+v—w). Then it is clear that
M- (Xp, + -+, Xn,) =0, where 0 stands for the origin. Let U; be a variety
such that U=U,- Q. Then M =U,-V, whence, by Theorem 6a, §8, p. 51,
0=U,-V-(Xmy, + + +, Xm,). It follows in particular that V- (Xpy, « + -, Xm,)
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is a variety on which 0 is simple (by the corollary to Theorem 2, §3, p.
37). It follows that we can find indices M4, + -+, M,4u, such that
0=(V-(Xmi, - - +» Xmu)) O CHRHLIEES Xm#+u’) =V-(Xmy, * -, Xm,.:,.,.')~ This
proves in particular that 0 is simple on V. Moreover, the functions induced
by X1, -+, Xmusw» on V form a regular system of parameters in f(V). By
Proposition 9, L.R., §II1I, p. 703, the functionsinduced on Vby X, - - -, Xn,
generate a prime ideal in f(V). This means that the ideal generated by b
and Xy, * * *, Xm, is the prime ideal b” which corresponds to the variety
V-(Xm * -+ » Xm,). Let w1 be the prime ideal which corresponds to Uy; then
(Proposmon 6, §3, p. 36) the ideal generated by u; and v’ is the ideal of non-
units in K [[X]]. It follows that we can find # elements H{, - - -, H,! of
which each belongs either to u; or to b’ such that their functional determinant
does not vanish at the origin. Arranging the power series HY, - - -, H,! in
a suitable order, we may assume without loss of generality that the func-
tional determinant of H{, - - -, H,_, with respect to the letters X other
than X, - - + » Xm,. does not vanish at the origin. This property will be pre-
served if we modify H{, - - - , H,/_, by adding elements of the ideal generated
by Xmy, - * * » Xm, By such modifications we may bring those power series
H{ which are not in u; in the ideal v. We see that (1) holds. Furthermore,
we have seen in the course of the proof that 0 is simple on V. A similar argu-
ment shows that 0 is also simple on U.

THEOREM 4b. Let us consider two series of letters {Xl, ce e, X,,.} and
{vy, -+, V.}. Let Q be a variety in E™(X) on which the origin is simple,
and let U and V be two subvarieties of Q. Let ) be a variety in E*(Y) on which
the origin is simple, and let R and S be two subvarieties of . Assume that M isa
proper component of the intersection of U and V with respect to Q and that N
is a proper component of the intersection of R and S with respect to . Then
M XN is a proper component of the intersection of UXR and V XS with respect
to X Q and we haveigxa,(MXN; (UXR)-(VXS))=1a(M; U-V)ig,(N;R-S).

We may consider f(2X €,) as a Kroneckerian product of () and ()
over K. Let { x, -, x‘,*} be a regular system of parmaeters in (), and let
{y¥ -« Yl } be a regular system of parameters in f(). Then the ele-
ments x¥, y¥, taken together, form a regular system of parameters in
f(QX ). If we introduce letters X*, - - -, X,* and Y¥, - - -, V,}, then the
isomorphisms J,» of f(€) with K [[X*]] and J,- of f() with K [[Y*]] are the
contractions to () and f(€:) respectively of the isomorphism J,. ., of
f(2X Q) with K[[X* VY*]]. We have J,. ,~(UXR)=J.(U)XJ,(R),
Tor 2 (VXS) =To(V) X T+(S). Therefore, Theorem 4b follows immediately
from Theorem 4, §4, p. 39.

A component M of the intersection of three subvarieties U, ¥V and W of Q
is said to be proper with respect to Q if it is of dimension #+v+4w —2w, where
u, v and w are the respective dimensions of U, V, and W.
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THEOREM 6b. Let U, V and W be three subvarieties of Q. Assume that M is
a proper component of the intersection of U, V and W with respect to Q. Let
Py, - - -, P, be all the distinct components of the intersection of U and V which
contain M, and let Qy, - - -, Q4 be all the distinct components of the intersection
of V and W which contain M. Then P; is a proper component of the intersection
of U and V with respect to Q, and M is a proper component of the intersection
of P;and W with respect to @ (1=51=g); Q; is a proper component of the intersec-
tion of V and W with respect to Q and M is a proper component of the intersec-
tion of U and Q; with respect to Q. We have

[4 h
2 ia(Pi; U-V)ia(M; PeW) = 3 ia(Qs; V- W)ia(M; Qs U).
=1 =1
This follows immediately from Theorem 6, §6, p. 45, if we remember
that the number ¢(J«(M); J»(U) - J+(V) - J.«(W)) does not change if we per-
mute U, V, Win any way. '

Parrt I11

1. Algebraic varieties. Let K be an algebraically closed field. To every
system of # letters {X,, - - -, X,,} we assign an object 4*(X), which we call
the affine space with coordinates X, - - -, X,. To every prime ideal u in
K [X], we assign (in a one-to-one way) an object U which we call an algebraic
variety in A*(X). We say that the variety U and the prime ideal u correspond
to each other. In particular, we identify 4 *(X) with the variety which corre-
sponds to the zero ideal.

If U is the algebraic variety which corresponds to the prime ideal u, the
ring K [X]/u is called the ring of polynomial functions on U; this ring will
be denoted by f(U). The residue class modulo u of a polynomial FEK [X]
is called the function induced by F on U. The field of quotients.of f(U) is
called the field of rational functions on U. This field is denoted. by P(U). The
ring of quotients of u with respect to K [X] is called the neighborhood ring
of U; this ring is denoted by R(U) and its completion by ¥ (U).

Proceeding in the same way as we did for algebroid varieties, we define
the relationship of inclusion of an algebraic variety U in an algebraic variety
V, and the related notions, such as the relative neighborhood ring Ny (U) of U
with respect to V.

If Uis an algebraic variety, the field P(U) is a finite extension field of K.
The degree of transcendancy of this extension is called the dimension of U.
In particular, the dimension of 4*(X) is n.

ProrosITION 1. Let U be a variety of dimension u in A*(X). Then {(U) con-
tains u elements v, - « +, v, which are algebraically independent over K and
such that §(U) is finite over K [y1, - - -, Yu].

Let { V3, - - -, V,} be a system of integrity in K [X] which contains an
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integrity set { Yu41, - - -, Va} of the prime ideal u which defines U (cf.
Lemma 2, §1, part I, p. 5). Then uNK[Y]=u’is the ideal generated by
Yurys, -+, Yain K[Y]; f(U) is integral over K [V]/u’, which is isomorphic
with K [V3, - - -, V. ]. It follows immediately that u=u".

PROPOSITION 2. Let U and V be algebraic varieties in A™(X) such that UCV.
If u and v are the respective dimensions of U and V, we have u <v and Nv(U)
is a geometric local ring of dimension v—u. The equality u=v implies U=V.

Using the notation of the proof of Proposition 1, we observe that the ring
of quotients of u’ with respect to K[Y] is a nucleus for R(U) (Lemma 7, §1,
p. 8). It follows that N(U) is a local ring of dimension #—u. Let b be the
prime ideal which corresponds to V. Then RN(V) is isomorphic with
(R(U))mw); since N(V) is of dimension #—w, it follows from Theorem 2, §1,
p. 11, that YN (U) is an ideal of dimension (n—u) —(n—v) =v—u in N(U).
Therefore Ny (U), which is isomorphic with N(U)/oN(U), is of dimension
v—u. If v=u, we have YR(U) =uN(U), whence v=u, V="U.

The definitions relative to products of algebraic varieties are entirely simi-
lar to the corresponding definitions for algebroid varieties and need not be
stated here. We can also extend without difficulty the notion of a copy of an
affine space and the related notions (diagonal, construction of M4, and so on).

An algebraic variety of dimension 0 is called a point. If p is the prime ideal
which corresponds to a point P, each X is congruent modulo p to an element
ai of K. The elements ay, -+ - , a, are called the coordinates of P.

If a point P is a subvariety of a variety U, we say that P lies on U, or
that P s a point of U, or that U goes through P.

If P is a variety which corresponds to a maximal prime ideal p in K [X]
then P is a point. In fact, if P were of dimension #>0, f(P) would be finite
over a ring isomorphic with K [X3, - - -, X, |; making use of Lemma 4, L.R.,
§1I, p. 694, we see that f(P) would contain ideals distinct from the zero ideal
and from f(P), which is impossible. Since every prime ideal in K [X] is con-
tained in some maximal prime ideal, we see that every algebraic variety con-.
tains at least one point.

ProPOSITION 3. Let V be an algebraic variety, and let Uy, - - - U. be
subvarieties of V, all different fron V itself. Then V contains a point which does
not lie on any one of the U,'s.

Let v and u; be the prime ideals which correspond to V and U; respec-
tively. Let {¥y, - - -, Y.} be a system of integrity in K [X] which con-
tains a set of integrity { Y41, - - -, Va} of v. Then K [X]/u; is finite over
K[Y]/wNK[Y]) and therefore P(U,) is an algebraic extension of the
field of quotients of K[Y]/(w.NK[Y]). Since dim U;<dim V, we see
that K[Y]Nuw=K[V]Nv. It follows that there exists a polynomial
Fi(Yy, ---,Y,)#0in Y,, - - -, ¥V, alone which belongs to u;. Set F=H§’_1F,-
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—1. Then F is not a unit in K[Vy, - - -, V,]. It follows immediately that
the ideal generated by v \K[Y] and F in K[Y] is not the unit ideal and is
therefore contained in some maximal prime ideal p of K[X]. The point P
which is defined by p satisfies our requirements.

2. Sheets of a variety at a point. Let P be a point of coordinatesay, - - -, an
in the affine space 4*(X). Then N(P) is the ring of quotients with respect to
K [X] of the ideal generated in this ring by X1—ay, - - -, Xn—a,, and the
completion N(P) of R(P) is K [[X1—ay, - - -, Xn—a.]].

Let us introduce 7z new letters Xy, - - -, Xn. Associated to these letters
there is a local space E*(X) (with the same groundfield K as 4*(X)). On
the other hand, there exists a uniquely determined isomorphism Jp of N(P)
into K [[X]] which maps X upon Xi+ai (1 <k=n). The composite object
formed by E*(X) and Jp is what we shall call the local space attached to the
point P of A*(X). This object will be denoted by E3(X).

DEFINITION 1. Let U be an algebraic variety in A™(X), and let u be the prime
ideal which corresponds to U. Let P be a point of U. Let iy, - - - , ii, be the prime
divisors of Jp(W)K [[X]]. The algebroid varieties in E3(X) which correspond
to these prime ideals are called the sheets of U at the point P.

ProrosITION 1. If P is a point of the algebraic variety U, every sheet of the
variety U at P has the same dimension as U itself.

This follows immediately from Theorem 4, §4, part I, p. 22 if we observe
that uN(P) is of dimension » in N(P) if U is of dimension « (cf. Proposition 2,
§1, p. 58).

Moreover, it follows from Theorem 1, §1, part I, p. 11 that Jo(u)K [[X]]
is the intersection of the ideals #i; (1 £7=g) and it follows from Theorem 4,
§4, part I, p. 22 that i,NJp(N(P)) =JTp(uN(P)). Since Ny (P) is isomorphic
in a natural way with (P)/uN(P), our last result shows that there is a natu-
ral isomorphism of Ny(P) with a subring of N(T;), where U, is the sheet
which corresponds to fi;. This last isomorphism will also be denoted by Jp.
If FEK[X], Jp maps the function induced by F on U upon the function
induced by Jp(F) on TU..

PROPOSITION 2. Assume that U is a subvariety of a variety V in A"(X),
and let P be a point of U. Then every sheet of U at P is contained in at least
one sheet V at P.

Using the same notation as above, let furthermore b be the prime ideal
which corresponds to V. Then vCu and therefore Jp(b) Cii;. Since ii; is prime,
it must contain at least one of the prime ideals of which Jp(v)K [[X]] is the
intersection. This observation proves Proposition 2.

Remark. It is not true in general that every sheet of V at P contains some
sheet of U at P. For instance, the equation X, X;+ X}+X3=0 defines a sur-
face V in A3(X,, X2, X3); this surface has two sheets at the origin of coordi-
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nates. On the other hand, V contains the line U of equations X;=X;3=0;
this line has one sheet at the origin, and this sheet is contained in only one
of the sheets of V.

Let us now consider two affine spaces A™(X) and A"(Y). Let P be a
point in A™(X) and let Q be a point in 4*(Y); then PX(Q (considered as a
product of zero-dimensional varieties) is a point in 4™(X)XA4*(Y). If we
construct Ep%(X, ¥), we may consider E»**(X, ¥) as the product of E"(X)
and E*(Y). Moreover, the isomorphism Jpxq coincides with J» on N(P) and
with Jq on. N(Q) (observe that N(P) and N(Q) are subrings of N(P XQ)).

PROPOSITION 3. Let U be an algebraic variety in A™(X), and let Uy, - - -, Ua
be the sheets of U at one of its points P. Let V be an algebraic variety in A*(Y),
and let Vy, - - -, Vs be the sheets of V at one of its points Q. Then the sheets of
UXYV at PXQ are the ab algebroid varieties U, X Vg (1Sa=<a, 1SB8=0).

Let 1 and v be the prime ideals in K [X ] and K [ Y] which correspond to U
and V respectively; let v be the prime ideal generated by uand v in K [X, V],
so that v is the prime ideal which corresponds to UX V. Let ii, be the prime
ideal in K [[X]] which corresponds to U,, and let 65 be the prime ideal in
K [[7]] which corresponds to V. Then the prime ideal in K [[X, ¥]] which
corresponds to U.X Vg is the ideal generated by ii, and 6s. This ideal con-
tains Jpx (W) and is of dimension u+v if % and v are the dimensions of U
and V respectively. It follows immediately that U, X Vg is a sheet of UXV
at PX Q. Conversely, let ® be a prime ideal in K[[X, ¥]] which contains
Jpxq(w) and which is of dimension #+v. Since @ contains Jp(u1), it must con-
tain one of the prime ideals i, X [[X, ¥ ]] of which Jp(w)K [[X, ¥]] is the
intersection(%). Similarly, @ must contain one of the ideals 5K [[X, 7]].
It follows that the sheet W of UX V which corresponds to f is contained in
one of the algebroid varieties U, X V. Since dim W =u+v=dim U, X Vs, we
have W =T,XV;. Proposition 3 is thereby proved.

3. Simple subvarieties.

PRroPOSITION 1. Let U be an algebraic variety in A*(X). Then N(U) is a
regular local ring. The ring N(U) contains a subfield isomorphic with P(U)
which is a complete system of representatives for the residue classes modulo the
maximal prime ideal in this ring.

Let xy, - - -, x, be the functions induced by X,, - - -, X, respectively
on U. Then P(U)=K(x,, - - -, xa). Since K is algebraically closed, P(U) is
separably generated over K, and there exists a subset {xk,, cee, xk,,} of
%1, - - -, .} which is a separating transcendence base of P(U) with re-
spect to K (u is the dimension of U). Since x4, - - -, %, are algebraically
independent over K, N(U) contains the field K(X4,, - - -, X&), and this field

(®) If an element F(X, V) EK[[X, ¥]] belongs toMN\u.K[[X, ¥]], the coefficient in F of
every monomial in the letters ¥ belongs to 1, for every &, whence FEJpw)K[[X, ¥]1].
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is a basic field of N(U). The field of residues of N(U), being P(U), is separable
over K(Xi, + + -, X4&,). It follows from Proposition 3, L.R., §III, p. 701, that
K(Xp, - -+, Xu&,) is contained in a subfield L of R(U) which is a complete
set of representatives for the residue classes modulo the maximal prime ideal.
Let {ll, c e, l,.-.,} be the complementary set of {kl, <. e, k,,} with respect
to {1, - -+, n}, and let £; be the element of L which belongs to the residue
class of X;;, (1SjSn—u). Then K[X]|CL[Xy—&, - - -, Xi,y—Enul). It
follows immediately that X;,—§&, - - -, X;,_,— .. form a set of generators
of the maximal prime ideal in R(U), which proves that R(U), and therefore
also N(U), is regular. ’

ProrosiTION 2. Let U be an algebraic variety of dimension u in A*(X), and
let Fy, -« -, Fuo_y be n—u polynomials which vanish on U. Then the following
assertions are equivalent: (1) Fy, - - -, Fa_, form a regular system of parameters
in N(U); (2) the Jacobian matrix of Fy, - - -, Fa_y does not vanish on U.

The proof of Proposition 2 is almost identical with the proof of the cor-
responding statement for algebroid varieties (Proposition 2, §3, part I1, p. 34).

Remark. If we have any number of polynomials which vanish on U, then
their Jacobian matrix is of rank not greater than #—u on U (cf. the similar
remark for algebroid varieties, §3, part II, p. 35).

DEFINITION 1(38). Let U be a subvariety of a variety V in A™(X). If the local
ring Ny (U) s regular, we shall say that U is simple on V. If not, we say that U
s singular on V.

PRrROPOSITION 3. Let U be a subvariety of an algebraic variety V. A necessary
and sufficient condition for U to be simple on V is that there should exist a regular
system of parameters in NW(U) which contains a system of parameters in N(V).

The proof is identical with the proof of the corresponding assertion for
algebroid varieties (§3, part 11, p. 35).

ProrosiTION 4. Let U be a subvariety of an algebric variety V in A™(X),
and let v be the dimension of V. A necessary and sufficient condition for U to be
simple on V is that there should exist n —v polynomials which vanish on V and
whose Jacobian matrix is of rank n—v on U.

(1) Assume that U is simple on V. Then there exists a regular system of
parameters {Fl, s, F,._,,} in |(U) which contains a system of parameters
{F, -+, F._,} in N(V). We may assume without loss of generality that
F, - - -, F,_, are polynomials. From the fact that the Jacobian matrix of
Fy, - -+, Fn,isof rank n—u on U, it follows immediately that the Jacobian
matrix of Fy, - - -, Fno_, is of rank n—v on U.

(33) This definition of simple subvarieties is due to O. Zariski. Cf. his paper Algebraic varie-
ties over ground fields of characteristic 0, Amer. J. Math. vol. 62 (1940) p. 187.
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(2) Assume that Fy, - - -, F,_, are polynomials which vanish on ¥V and
whose Jacobian matrix is of rank #—v on U. Let {Gy, - - -, G._,} be any
regular system of parameters in R(U). Then we may express F; in the form
Fi=) ""¥4,,G; with 4;;ERN(U). Let u be the prime ideal which corresponds
to U. If we observe that the partial derivatives of a rational function belong-
ing to N(U) also belong to N(U), we see that dF;/dX =) j-1'4:,0G;/0X
(mod uN(U)). From the fact that the Jacobian matrix of Fy, - - -, Fn_, is of
rank n—v on U, we conclude that one of the determinants of order n—v
which can be extracted from the matrix (4;;) is a unit in N(U). If we arrange
Gy, - -+, Gn— in a suitable order, we can express Gy, + - -, Gn_, as linear
combinations of Fy, - - :, Fn_y, Gaovy1, - * + , Ga—y with coefficients in N(T).
It follows that Fy, - - -, Fn_y, Gueyy1, *+ + +, Gay form a regular system of
parameters in N(U), which proves that U is simple on V.

Remark. Let there be given a system of generators {Fl, e, Fh} of the
prime ideal v which corresponds to V. Then, if U is simple on V, the n—v
polynomials which have the property described in Proposition 4 may be
selected among Fy, - - -, Fi In fact, every polynomial which vanishes on V
is a linear combination of Fy, - - -, F, with coefficients in K [X]; it follows
that the Jacobian matrix of any system of polynomials which vanish on V is
congruent modulo b to a multiple of the Jacobian matrix of Fy, « - -, F, and
our assertion follows immediately.

PRrROPOSITION 5. Let V be an algebraic variety in A™(X). Then there exists a
finite set { Sy, e, S.} (which may be empty) of subvarieties of V with the fol-
lowing properties: (1) each S; is different from V; (2) every subvariety of S; is
singular on V; (3) if a subvariety of V is not contained in any one of the varieties
S, then it is simple on V.

Let {Fy, - - -, Fi} be a set of generators of the prime ideal v which cor-
responds to V. Let 8 be the ideal generated by Fi, - - -, Fs and by all the
determinants of order » —v which can be extracted from the Jacobian matrix
of Fi, - - -, Fu Let 8, - - -, 8, be the minimal prime divisors of 8 (s=0 if 8
is the unit ideal), and let Sy, - - -, S, be the subvarieties of V which corre-
spond to 8y, - - -, 8,. Since V is clearly regular on itself, we have 8 #v, whence
S:# V. It follows immediately from Proposition 4 and the remark which fol-
lows it that Sy, - - -, S, have the properties (2) and (3).

COROLLARY 1. If U is a simple subvariety of V, then every subvariety of V
which contains U is simple.

This follows immediately from Proposition 5.

COROLLARY 2. Let U be a simple subvariety of variety V,and let Wy, - - -, Wa
be subvarieties of V none of which contains U. Then there exists a point on U
which is simple on both U and V and which does not belong to any one of the
varieties Wi.
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Let the prime ideals 8; be defined as in the proof of Proposition 5, and
let wx be the prime ideal which corresponds to W;. If u is the prime ideal
which corresponds to U, we denote by 8;; the minimal prime divisors (if any)
of the ideal generated by u and 8;, and by Y;; the minimal prime divisors
(if any) of the ideal generated by u and ;. Let S;; be the subvariety which
corresponds to 8;; and let W;; be the variety which corresponds to ;. Then
it follows from our assumptions that S;; and Wy, are subvarieties of U differ-
ent from U itself. Let T4, - - -, T be the subvarieties of U which play with
respect to U the same role as Sy, - - -, S, with respect to V. By Proposition 3,
§1, p. 58, U contains a point P which does not belong to any one of the varie-
ties Sij, Wii, Tm. Such a point has the required properties.

DEFINITION 2. Let P be a simple point on a variety V in A™(X), and let
ay, * * -, @y, be the coordinates of P. To every polynomial F which vanishes on V,
let us construct the polynomial D 2 dF/dXi(ay, - - -, @n)-(Xrx—ax). Let t be
the prime ideal generated by all linear polynomials obtained in this way. The
variety T which corresponds to t is called the tangent linear variety to V at P.

It is clear from what was said above that T is of dimension equal to the
dimension of V and goes through P.

ProOPOSITION 6. Let U be a simple subvariety of an algebraic variety V, and
let P be a point on U. Then every sheet U of U at P is contained in exactly
one sheet V of V at P, and U is simple on V.

Let uand v be the prime ideals which correspond to U and V respectively.
Denote by u* the prime ideal which corresponds to U in Ny (P) (u* is there-
fore the ideal generated by u/v in the ring of quotients of p/v with respect
to f(V), where p is the prime ideal which corresponds to P). The ring of quo-
tients of u* with respect to Ny (P) is Ny(U) and is therefore regular. Let
é1, * + -, Ps_u be elements of Ny (P) which form a regular system of parame-
ters in Ny (U), whence e(My(U); ¢4, * - + , Po_u) =1 by Theorem 3, §2, part I,
p. 14. Let ii be a minima] prime divisor of u*%y(P) in Ny(P) and let & be
the natural homomorphism of Ny (P) into (Nv(P))i. Then it follows from
Theorem 4, §4, part I, p. 22 that e((Nv(P))a; &(¢1), + - -, P(Ppo_u)) =1. We
conclude that (Ny(P))s is a regular local ring and therefore that the zero
ideal in this ring is prime. This means that the kernel of the homomorphism
® is a prime ideal in Ny (P) and therefore(?) that fi contains exactly one of the
prime divisors of the zero ideal in Ny (P). Now, we have 9ty (P) =R(P)/vN(P);
it follows that the prime divisors of the zero ideal in My (P) correspond in
a one-to-one way to the sheets of V at P. The minimal prime divisors of
w*Nv(P) correspond in a one-to-one way to the prime divisors of the zero ideal

(3) The kernel of ¢ is the intersection of the primary components of the zero ideal in Rty (P)
which are contained in u; cf. my paper On the ring of quotients of a prime ideal, Bull. Amer.
Math. Soc. vol. 50 (1944) p. 93.
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in Ny (P)/u*Nv(P), which is a completion of Ny (P)/u*Ny(P) and may there-
fore be identified with JM(P)/uM(P). It follows that the prime divisors of
w*Ny (P) correspond in a one-to-one way to the sheets of U at P. We have
therefore proved that every sheet of U at P is contained in exactly one sheet
of V at P. Let U be the sheet of U which corresponds to i, and let V be the
sheet of V at P which corresponds to the prime divisor § of the zero ideal in
RNv(P) which is contained in i, so that TCV. Then §(V) is isomorphic with
Nv(P)/5Nv(P) and Nv(T) is isomorphic with the ring of quotients of ii/p
with respect to RNv(P)/5Nv(P). But this last ring of quotients coincides by
definition with (v (P))s, and is therefore regular. It follows that T is simple
on V. Proposition 4 is thereby proved.

COROLLARY. If P is a simple point on a variety V, then V has only one sheet
at P.

In fact, it is obvious that P has only one sheet at P.

ProrosITION 7. Let U be a subvariety of a variety V in A"(X), and let P
be a point of U. Assume that there exists a sheet U of U at P which is contained
in only one sheet V of V at P and which is simple on V. Then U is simple on V.

Let u and v be the prime ideals which correspond to U and V; let fi and §
be the prime ideals in f¥(P) which correspond to U and V respectively. Let
6, - - -, B be the prime ideals in R(P) of which vR(P) is the intersection
(with 5, =56). Since U is simple on V, we can find » —v power series ¢y, - - *,¢Pn_s
in # arguments such that ¢:(X), - - -, ¢n_o(X) vanish on V and that the
Jacobian matrix of ¢1(X), « - -, ¢n_o(X) is of rank n—v on T. Since V is
the only sheet of V at P which contains T, we can find for each £>1 an ele-
ment ¥ € B, which does not belong to ii. Set Y =y» - - - ¥; then ¢ can be ex-
pressed in the form Y(Xi1—ay, - -+ -, Xs—a.), where ¢ is a power series in
n arguments and ay, - - -, @, are the coordinates of P. The Jacobian matrix
of Y(X)$:1(X), - - -, Y(X)Pn_o(X) is again of rank n—v on T. On the other
hand, the elements Y(X —a)¢:(X —a) (1 Si<n—v) belong to 59 (P) and can
therefore be written as linear combinations of elements of v with coefficients
in K [[X —a]]. It follows immediately that there exist # —v polynomials in b
whose images by Jp have the property that their Jacobian matrix is of rank
n—v on U. Since iNK [X ] =u, the Jacobian matrix of our » —v polynomials
is of rank n—v on U, and Propsition 7 is proved.

4. Intersections of algebraic varieties. Let U and V be two algebraic
varieties in 47(X). A variety M is said to belong to the intersection of U and
V if it is a subvariety of both U and V; this being so, if furthermore no variety
containing M and different from M belongs to the intersection of U and V,
then we say that M is a component of the intersection of U and V. Exactly
as in the case of algebroid varieties, we see that the intersection of U and V
has only a finite number of components (this number may here be 0) and that
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every variety which is contained in the intersection of U and V is contained
in one of the components of this intersection.

PRrROPOSITION 1. Let M be a component of the intersection of two algebraic
varieties U and V, and let P be a point of M. Let Uy, - - -, U, be the sheets of
UatPandletVy, - - -, Vs be the sheets of V at P. Then every sheet of M at P
is a component of the intersection of some U . with some Vg. Conversely, every
component of the intersection of U, and Vg is contained in a sheet at P of some
component of the intersection of U and V.

Let 11, v and m be the prime ideals in K [X ] which correspond to U, V and
M respectively. The sheets U, correspond in a one-to-one way to the minimal
prime divisors fi, of u}(P) in N(P); the sheets V; correspond in a one-to-one
way to the minimal prime divisors of the ideal YJt(P) in N(P). Let i be a
minimal prime divisor of m®(P). Since m contains u and b, fii contains one
of the ideals ii,, say ii«,, and also one of the prime ideals 63, say g, Let i’
be a prime ideal contained in fii and containing fi, and 6s,; then 'K [X]
is contained in m and contains u and v. Since M is a component of the inter-
section of U and V, it follows that i’ MK [X ] =m, whence m%(P) Ciii’. Since
i is a minimal prime divisor of mN(P), it follows that M’ =i, which proves
that the sheet of M at P which corresponds to ffi is a component of the inter-
section of U,, and Vp,.

If fi is any prime ideal in 1(P) which contains i, and B, then iNK [X]
contains u and v, and therefore also some minimal prime divisor of the ideal
generated by 1t and b in K [X]. Proposition 1 is thereby proved.

Remark. We have proved a little more than we announced, namely that
if a sheet M of M at P is contained in the intersection of U, and Vs, then M
is a component of this intersection.

THEOREM 1. Let U and V be subvarieties of an algebraic variety Q in A*(X).
Assume that some component M of the intersection of U and V is simple on Q.
Let u, v and w be the dimensions of U, V and Q respectively. Then the dimension
of M is at least u+v—w.

By Corollary 2 to Proposition 5, §3, p. 62, we can find a point P on M
which is simple on Q. Then € has only one sheet at P and the origin is simple
on this sheet. Theorem 1 follows therefore immediately from Proposition 1
above and from Theorem 1a, §9, part II, p. 53.

Remark 1. Even in the case where #+v—w=0, it cannot be asserted that
there exists a variety which belongs to the intersection of U and V, as is
proved by the example of two generatrices of the same system on a quadric
in A3(X).

Remark 2. It follows easily from the previous example that a cone of the
second degree in 44(X) will generally contain two linear varieties of dimen-
sion 2 which have in common only the vertex of the cone. It follows that the
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assumption that M is simple on Q is essential in the statement of Theorem 1.

DerINITION 1. Let U and V be two subvarieties of an algebraic variety of
dimension w, and let u and v be the dimensions of U and V. A component M of
the intersection of U and V is said to be a proper component of this intersection
with respect to L if M is simple on Q and is of dimension u+v—w. If M is
proper with respect to A™(X), it is said to be a proper component of the inter-
section of U and V.

The reader will observe that, in this last case, the condition about the
simplicity of M is automatically satisfied.

We shall now define multiplicities for the proper components of inter-
sections of algebraic varieties.

DEFINITION 2. Let Q be an algebraic variety in A*(X), and let M be a sub-
variety of Q which is simple on Q. Let w be the dimension of Q. Then a set
{Xa, -, X iw} composed of w of the letters X is said to be a set of uniformizing
coordinates on Q along M if there exists a set of n—w polynomials F, - - -, Fu_u
which vanish on Q and whose functional determinant with respect to the n—w
letters X which do not occur among X, - + -, X, does not vanish on M.

It is clear that such uniformizing coordinates always exist.

Let now M be a component of the intersection of two subvarieties U and
V of Q, and assume that M is proper with respect to . Let A*(X’) be a copy
of the space A"(X), and let V' be the copy of V in 47(X"). We also construct
the diagonal A of 47(X)XA"(X') and the subvariety M2 of A whose projec-
tion on A"(X) is M. Let x; and x/ be the functions induced on UXV’ by
X, and X/ respectively. Then the # functions x/ —x; vanish on M2. Con-
versely, let N be a subvariety of UX V’ on which the » functions x! —x;
vanish. Then N is contained in A and prx NCU, prx» NCV’, whence
prx NCV. If NDM?, we have M=prx N, whence M*=N. It follows that
the 7 elements x! —x; generate an ideal which is primary for the ideal of
nonunits in Nuxy/(M2). But these elements will not form a system of param-
eters in Nuxy(M2), because the dimension of Nuxv (M2) is u-4v
— (#+v—w) =w and not #. Assume now that X, - - -, X;, form a system of
uniformizing coordinates on © along M. Then we shall see that the ideal
generated by the # elements x! —x; (1 <¢=n) is already generated by the
w elements xj, —x;, (1SAN=w). Let F, - - -, F,_, be n—w polynomials which
vanish on © and whose functional determinant with respect to the letters
X which do not occur among X, - - -, X;, does not vanish on M. We have
Fi(xy, - -+, x,) =0, Fi(x{, - - -, x/)=0 (1=2k=<n) because UX V"’ is con-
tained in @X Q. Let ¢ be the ideal generated by x{ —x1, - - -, x4 —%, in
Nuxv - (M2); then we have by the Taylor expansion theorem

3 0Fu/oX (xr, - - w)(8] — ) = 0 (mod ).

=1
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If ' is the ideal generated by x;—x,, - - - , x{, —%i., it follows easily that
tCt’+1% Proceeding by induction on %, we conclude that Cir’+¢* for
every k. Since ¢’ is closed in the local ring topology of Nuxv/(M2), we have
t' =1, and our assertion is proved. It follows that x}, —x;,, - - -, xf,—x;, form
a system of parameters in Nyxy (M2).

DEeFINITION 3. Let U and V be two subvarieties of an algebraic variety Q.
Assume that M is a proper component of the intersection of U and V with re-
spect to Q. Let A*(X') be a copy of the space A™(X) and let V' be the copy of
Vin A*(X). Let {X i, X iw} be a system of uniformizing variables on Q
along M, and let x; and x! be the functions induced by X; and X! on M. Then
the relative multiplicity with respect to Q of M in the intersection of U and V is
defined to be the number eNuxy (M2); xbi—xiy, + + +, xt,—x:,). This number
is denoted by io(M; U- V).

Observe that it follows from what we have proved and from Proposition 3,
§2, part I, p. 14 that the multiplicity e(Ruxv/ (M2); xi,—xiy, -« -, Xy —%4,)
does not depend on the choice of the uniformizing coordinates X, - - -, Xi..

THEOREM 2. Let U and V be subvarieties of an algebraic variety Q. Assume
that M is a proper component of the intersection of U and V with respect to Q.
Let P be a point of M, and let M be a sheet of M at P. Let Uy, - - -, U, beall
the distinct sheets of U at P which contain M and let V, - - -, Vs be all the
distinct sheets of V at P which contain M; let Q be the unique sheet of Q at P.
Then M is a proper component of the intersection of U, and Vg with respect to G,

and we have
a,b

ioM; U-V) = 3, ia(M; Ua-Vp).
a=]1,8=1

Let #, v and w be the dimensions of U, V and Q respectively. Then
dim M =dim M =u+v—w, dim U,=u%, dim Vz=v, and the first assertion of
Theorem 2 follows immediately from the remark which follows the proof of
Proposition 1.

Let u, v and m be the prime ideals in K [X ] which correspond to U, V
and M respectively. We denote by P’ the copy of P in 4*(X’), by v’ the ideal
in K [X’] which corresponds to V’, by 1 the ideal generated by u and v’ in
K[X, X'] (that is, also the prime ideal which corresponds to UX V'), and
by m2 the prime ideal in K[X, X’] which corresponds to M®. The space
E3(X’) may be considered to be a copy of E5(X); then the sheets of V' at P’
become the copies of the sheets of V at P, and the algebroid varieties in
ER(X) X Ep.(X') are put in a one-to-one correspondence with the prime ideals
in (P XP’). Let Mas and A be the prime ideals in (P X P’) which corre-
spond to U.XV{ and to M4 respectively (where V4 is the copy of V; in
E3(X') and where A is the diagonal of E3(X) XER(X")).

Let {X;,, cee, X;Q} be a system of uniformizing coordinates on @ at P;
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then these letters are also uniformizing coordinates along M. Let x; and x/{
be the functions induced by X; and X!/ on UXV’; then io(M; U-V) is the
multiplicity of the w elements x{ —xy, - - - , x{,—%,,, considered as form-
ing a system of parameters in the ring of quotients of m*RNyxv(PXP")
with respect to Nyxvy.(PXP’). This last ring may be identified with
NP XP")/mR(P XP’'), and admits therefore RN(PXP')/mNR(PXP’) as a
completion. Theideal i is a minimal prime divisor of m4(P X P’); therefore
fiid/wR(P X P’) is a minimal prime divisor of m2R(P X P’)/wN(P X P’). Let
¢ be the natural homomorphism of RN(P XP’)/wR(PXP’) into the ring of
quotients o of fA/WN(P XP") with respect to N(PXP’')/wRN(PXP’). Then
it follows from Theorem 4, §4, part I, p. 22 that 7o(M; U-V) is equal to
e(o; ¢(xq—2x,), - - -, ¢(xi,—%,)). The kernel of ¢ is the intersection w* of
all the prime divisors of the zero ideal in N(PXP’)/wN(PXP’) which
are contained in fia/wR(P X P’); these prime divisors are clearly the ideals
Bag/WN(PXP') (12a=<a, 1SB=0b). It follows that the prime divisors of the
zero ideal in o are the ideals ¢(fas/WR(P X P’))o and that the zero ideal in o
is the intersection of these prime ideals. It follows easily from formula
(2) §2, part I, p. 14, that e(o; ¢d(xi—xir), - - -, P(xi,—x:,)) is equal to
o21,6-16(0/¢(Bas/WR(PXP'))0;  Eirap—Eirvaps * * * » Elw,as— Eiu,ap), Where
£iap and &l .s are the residue classes of ¢(x:) and ¢(x!) modulo
(Bag/OR(PXP’))o. Now the ring R(PXP')/BasN(PXP') is isomorphic
with f(T.X V4 ); the ring 0/¢(Mas/wNR(P X P’))o is therefore isomorphic with
9N, x7;(M2) under an isomorphism which maps £:,.s and £f,4s upon the func-
tions #; and &/ induced on TU.XV{ by X; and X/. It follows that the num-
ber €(0/¢(Bas/PWR(P X P))0; Ey.as—Eijyas * * *+ Eiw,ap— Ein,ap) is equal to
eNi w7, (MB); &=y » -+, &lo—&i). If Fy, -+, F._, are n—w poly-
nomials which vanish on € and whose functional determinant with respect
to the letters X which do not occur among X, - - -, X, does not vanish at
P, then Fy(X), - - -, Fn_o(X) vanish on £ and their functional determinant
with respect to the letters X which do not occur among X, - - -, X, does
not vanish at the origin in EZ(X). It follows that %;,, - - -, %;, form a regular
system of parameters in f(Q), whence e(Ri x v;(M3); & —&ir, + + + 4 Flu—Fid)
=1g(M; U, Vs). Theorem 2 is thereby proved.
Theorem 2 makes it possible to deduce many properties of the multi-
plicities of intersections of algebraic varieties from the corresponding proper-
ties for algebroid varieties.

THEOREM 3. Let Q be an algebraic variety in A™(X) and let U and V be two
subvarieties of Q. Let 4y be an algebraic variety in A*(Y) and let R and S be
two subvarieties of . Assume that M is a proper component of the intersection
of U and V with respect to Q, and that N is a proper component of the inter-
section of R and S with respect to Q. Then M XN is a proper component of
the intersection of UXR and VXS with respect to QX, and we have
taxo,(MXN; (UXR)-(VXS)) =ig(M; U-V)ig(N; R-S).
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It follows immediately from Proposition 4, §3, p. 61 that M XN is
simple on 2X Q. An easy count of dimensions shows that M X N is a proper
component of the intersection of UXR and VXS with respect to QX Q.
Let P be a point of M which is simple on @; let P, be a point of N which is
simple on Q. Then PXP,; is simple on X Q. Let M be a sheet of M at P
and let N be a sheet of N at P; then M XN is a sheet of M XN at PXP,
(cf. Proposition 3, §2, p. 60). Let Uy, - - - , U, be the sheets of U at P which
contain M and let Vy, - - -, Vs be the sheets of V at P which contain M;
let Ry, - - -, R. be the sheets of R at P, which contain N, and let S5y, - - -, S,
be the sheets of .S at P; which contain N. Let Q be the unique sheet of Q at P
and let O, be the unique sheet of @, at Pi. Then the algebroid varieties
U.XR,(12a=<a,1=5v=c) are exactly all the sheets of UXR at P X P, which
contain M XN (cf. Proposition 3, §2, p. 60); the varieties V3X3S; are the
sheets of V' XS at P X P, which contain M X N. It follows from Theorem 2 that
taxa,(MXN; (UXR)-(VXS) =2 %k 1taxs, (M XN; (TaXR,) - (VsXSs)).
Making use of Theorem 4b, §9, part II, p. 56, we see that

toxe,(M X N; (Ua X Ry)- (Vs X S3)) = ia(M; Ua-Vs)-iay(N; Ry-Ss),

whence
a,b,c,d

ins(M X N; (UXR)-(VX8) = 3 &a(M; UaVe)itW; Ry-S)
a,B,y,é=1
= to(M; U-V)igq,(N; R-S).
Theorem 3 is thereby proved.

Let now U, V and W be three subvarieties of a variety Q. Let %, v and w
be the respective dimensions of U, V and W, and let w be the dimension
of Q. A variety M is said to be a component of the intersection of U, Vand W
if the following conditions are satisfied: M is a subvariety of U, of V and of
W no variety containing M and different from M itself is contained in U, V
and W at the same time. If M is simple on @ and is of dimension % +v+w — 2w,
M is said to be a proper component of the intersection of U, V and W with
respect to .

THEOREM 4. Let U, V and W be three subvarieties of a variety Q, and assume
that M is a proper component of the intersection of U, V and W with respect to Q.
Let Py, - - -, P, be the distinct components of the intersection of U and V which
contain M, and let Qy, - + +, Qx be the distinct components of the intersection of
V and W which contain M. Then each P; is a proper component of the inter-
section of U and V with respect to Q; each Q; is a proper component of the
intersection of V and W with respect to Q; M is a proper component of the inter-
section of P; and W with respect to  and also a proper component of the inter-
section of U and Q; with respect to Q. We have

g h

2 ia(Ps; U-V)ia(M; Pi- W) = 3 ia(Qs; V- W)ia(M; U-Q)).

t=1 =1
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Since P; and Q; contain M, they are regular on Q. Let p; be the di-
mension of P; and let g; be the dimension of Q;. We have p;=Zu+4v—w and
dim MzZp,+w—w. Since dim M=u+4v+w—2w, we have p;i=u-+t+v—w,
dim M =p;+w—ow. It follows that P; is a proper component of the inter-
section of U and V with respect to @ and that M is a proper component of
the intersection of P; and W with respect to . A similar argument proves the
corresponding assertions for Q;. Let 4 be a point of M which is regular on Q.
We denote by M a sheet of M at 4, and by U., Vs, W, (1=5a=<a, 185,
1<v=c) those sheets at 4 of the varieties U, V, W respectively which
contain M. If a sheet of P; at A contains M, it is a component of the inter-
section of some U, with some V4. Conversely, let P be a component of the
intersection of U, and Vs which contains M ; then P is a sheet at 4 of some
component P of the intersection of U and V. If § is the prime ideal in 9N(4)
which corresponds to P, the prime ideal in K [X] which corresponds to P is
MK [X]. Let m be the prime ideal in K [X] which corresponds to M and let
i be the prime ideal in (4) which corresponds to M. Then m=mNK [X];
since §Ci, we have pCm, M CP, which proves that P is one of the com-
ponents P;. This being said, it follows from Theorem 2 and from Theorem 6b,
§9, part II, p. 57 that the left side of the formula to be proved is equal
to > 25 _ig(M; Ua- V- W,), where Q is the unique sheet of Qat 4. A similar
argument shows that the right side is equal to Y 2% _ia(M; V- W, Ua).
Since i5(M; U-V-W) is independent of the order in which we take U, V, W,
Theorem 4 is proved.

DEFINITION 4. Let U and V be two subvarieties of a variety Q and let P be a
point which belongs to U and V. We say that U and V are in general position
with respect to each other at P relatively to Q if the following conditions are
satisfied: (1) P is simple on each one of the varieties U, V and Q; (2) the inter-
section of the linear tangent varieties to U and V at P is of dimension u+v—w,
where u, v and w are the dimensions of U, V and Q respectively. Let M be a
common subvariety of U and V; then we say that U-and V are in general position
with respect to each other along M relative to 2 if there exists a point P on M
such that U and V are in gemeral position with respect to each other at P re-
lative to Q.

THEOREM 5. Let U and V be subvarieties of an algebraic variety Q. Assume
that there exists a point P which lies on U and V and is such that U and V are
in general position with respect to each other at P relative to . Then P belongs
to one and only one component M of the intersection of U and V and P is simple
on M. The variety M is a proper component of the intersection of U and V with
respect to Q, and we have io(M; U-V)=1. Conversely, assume that N is a
proper component of the intersection of U and V with respect to Q and that
1o(N;'U-V)=1. Then U and V are in general position with respect to each other
along N relative to Q.
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Assume that U and V are in general position with respect to each other
at P relative to Q. Let # and v be the dimensions of U and V, and let # be the
dimension of the affine space in which @ is a variety. It follows immediately

from the definitions that we can find #» —« polynomials Fy, - - -, F,_, which
vanish on U and #—v polynomials Gy, - - -, Ga_, which vanish on V such
that the Jacobian matrix of Fi, -+ -, Fay, Gi, -+, Gu_p is of rank

n+w—u—v at P (where w is the dimension of Q). Let U be the unique sheet
of U at P and let V be the unique sheet of V at P; then the polynomials
Fy(X), « - -, Fa—u(X) vanish on U and the polynomials Gy(X), - « +, Gan(X)
vanish on V (the letters X are the coordinates in the local space attached
to P). It follows from Theorem 9, §9, part II, p. 55, that the intersection of
U and 7 has only one component M, that M is a proper component of the
intersection of U and V with respect to @ (where Q is the sheet of Q at P),
that i5 (M; U-V)=1 and that the origin is simple on M. Since every com-
ponent of the intersection of U and V which contains P is of dimension not
less than #+4v—w, it follows from Proposition 1 that P belongs to exactly one
component M of the intersection of U and V, and that M is proper with re-
spect to €. It follows from Theorem 2 that ¢o(M; U- V) =1. It follows from
Proposition 7, §3, p. 64 that P is simple on M. The first part of Theorem S is
thereby proved.

In order to prove the converse part, select a point P on N which is simple
on N and @ and which does not belong to any component different from N
of the intersection of U and V (cf. Corollary 2 to Proposition 5, §3, p. 62).
Let N be the unique sheet of N at P; it follows immediately from Theorem 2
that N is contained in only one sheet U of Uat P and in only one sheet V of V
at P and that i5(N; U-V) =1, where Q is the unique sheet of Q@ at P. More-
over, the origin is simple on N (corollary to Proposition 6, §3, p. 64). We
assert that U is the only sheet of U at P. In fact, assume for a moment that
U has another sheet U’ at P. Then the intersection of U’ and V has at least
a component N’ and N’ is different from N. By Proposition 1, N’ is contained
in a sheet at P of some component of the intersection of U and V; in virtue
of our choice of P, we have N’CN, which is impossible since N’ is of dimen-
sion not less than #+v—w (Theorem 1a, §9, part II, p. 53) and is different
from N. In the same way we see that V is the only sheet of V at P. Let uand b
be the prime ideals which correspond to U and V in K [X]; let {i and 6 be the
prime ideals in 9(P) which correspond to U and V. Then fi=uR(P), 5 =19 (P).
It follows from Theorem 9, §9, part II, p. 55 that we can find z+w—u—yv

power series @1, * * * , Pniw—u—s in 7 arguments with the following properties:
if @y, - - -, a. are the coordinates of P, each ¢;(X1—ay, - - -, Xn—a,) belongs
either to i or to §; the Jacobian matrix of ¢1(X), « - -, Pnrw_n—o(X) is of

rank n+w—u—v at the origin in EB(X). If ¢:(X —a) belongs to i, it can
be written as a linear combination of elements of u with coefficients in
K[[X —a]l]; if it belongs to ©, it can be written as a linear combination of
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elements of v with coefficients in K [[X —a]]. It follows immediately that
we can find n4+w—u—v polynomials Hy, « - -, Hyyo—u—n of which each be-
longs either to u or to b and which are such that their Jacobian matrix is of
rank n4+w—u—v at P. It follows also from Theorem 9, §9, part II, p. 55
that the origin is simple on U and on V; by Proposition 7, §3, p. 64, P is
simple on U and on V. The intersection of the tangent linear varieties to
U and V at P cannot be of dimension greater than n+w—u%—v in virtue of
the existence of the polynomials H; (1 =¢<#n-+w—u—v). Since these tangent
varieties are of respective dimensions # and v and are both contained in the
tangent variety to @ at P which is of dimension w, their intersection is of
dimension not less than #+w—u—v. Theorem § is thereby proved.

If M is a proper component of the intersection of two varieties U and V
in A"(X), the number i4nx)(M; U- V) is denoted by ¢(M; U- V). Such inter-
section multiplicities are said to be absolute (as opposed to relative inter-
section multiplicities on a variety ©). The following theorem permits to reduce
the theory of relative intersections to the theory of absolute intersection
multiplicities.

THEOREM 6. Let Q be a variety.-in A™(X) and let U be a simple subvariety
of Q. Let P be a point on U which is simple on Q. Then there exists a variety
W in A™(X) which has the following properties: U is a proper component of
the intersection of W and Q is the only component of this intersection to contain P;
we have 1(U; W-Q)=1. Assume that M is a proper component with respect to
Q of the intersection of U and of some other variety V in Q. Let W be a variety
which has the properties prescribed above at some point P of M which is simple
on Q. Then M is a proper component of the intersection of W and V, and
1o(M; U-V)=2(M; W-V).

Let X;, -+, X:, be uniformizing coordinates at P on @ (cf. Defi-
nition 2 above). If u is the prime ideal which corresponds to U, we set
W =uNK[X;, - - -, X:.], and we denote by U’ the variety in 4(X,,, - - -,
X:,) which corresponds to u’. We may represent 4*(X) in the form
A“’(X.'l, ceey, X.'u) XA”_“(X,'I, ey, X«‘iu—u)’ where Xy o v vy Xin—w are the
letters X which do not occur among X, - - - , Xi,. We set W=U"’
XA(Xj, +++, X;,_,)- Then W clearly contains U.

Let Gy, -+ +, Gn_w be n—w polynomials which vanish on © and whose
functional determinant D with respect to Xj;, - - -, X; _, does not vanish
at P. Let ' be the dimension of U’, and let Fy, - - -, Fu_y4 be w—u' poly-
nomials in the letters X, - - -, X, whose Jacobian matrix is of rank w—u’
on U’. We can find a functional determinant D’ of Fy, - - -, Fu_u with re-
spect to w—u' of the letters X;,, - - -, X;, which does not vanish on U’.
Then DD’ does not vanish on .U; we can therefore find a point Q on U at
which DD’ #0. Then the Jacobian matrix of Fy, - - +, Fy—u, G1, * -+, Gau is
of rank n—u#’ at Q. It follows that the varieties @ and W are in general
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position with respect to each other at Q. By Theorem 5, p. 70, Q belongs to
one and only one component U; of the intersection of W and , U, is a proper
component of this intersection and ¢(U; W- Q) =1. Since U is contained in the
intersection of W and @, we have UC U;. The dimension of W is #'+# —w,
whence dim U,=#’. But U’ is the projection of U on 4¢(X;, - - -, Xi.),
whence %’ Su. It follows that 4’ =« and U,= U. The first part of Theorem 6
is proved.

To prove the second part, let U. (1=a=<a) and V5 (1£8= b) be the
sheets of U and V respectively at P; let Q be the sheet of Q at P. Since
i(U; W-Q) =1, U is simple on W. It follows that U, is contained in a
uniquely determined sheet W, of W at P (Proposition 6, §3, p. 63). Since
i(U; W-Q) =1, W.is the only sheet of W at P to contain U, and i(Ua; Wa-Q)
=1. Any component of the intersection of W, and @ is contained in some
T .- (Proposition 1, p. 65) and is of dimension not less than (z4u%—w) +w—n
=y=dim U (Theorem 1, part III, p. 65); it follows that o’ =« and that
T.=W,-Q. Let M be a sheet of M at P; we may assume without loss of
generality that Ty, - - -, Ua are all the sheets of U at P which contain M
and that V3, - - -, Ve are all the sheets of V which contain M (where o’ <a,
b’ <b). If a<a’, BSY’, M is a proper component of the intersection of W
and Vs and ig(M; Ua V) =i(M; Wa-Vs) (by Theorem 8, §9, part II,
p. 54). Any component of the intersection of W and V which contains M
is contained in @ (because V) and is contained in U (because U is the
only component of the intersection of W and @ which contains P). Since M is
a component of the intersection of U and V, it is also a component of the
intersection of W and V. Since M is a proper component of the intersection
of W, and Vs, M is a proper component of the intersection of W and V.
If a is an index such that M CW., the intersection of W, and Q is a sheet
of U at P which contains M, whence a<a'. Therefore, we have by Theo-
rem 2, p. 67, i(M; W-V)= 382 i(M; Wa-Vg)= D52, 5a(M; Ta-TVs)
=19(M; U-V). Theorem 6 is now completely proved.

COROLLARY. Let M be a subvariety of a variety Q, and let W be a variety
containing M and such that those components Us, - - -, U, of the intersection of
W and Q which contain M are all proper. Let V be a subvariety of Q which con-
tains M, and assume that M is a proper component with respect to Q of the inter-
section of U; and V for 1<i<h. Then M is a proper component of the inter-
section of V and W, and i(M; V-W) =Dt io(M; U;- V).

Let P be a point of M which is simple on £, and let T be a variety which
satisfies the following conditions: V is a proper component of the intersection
of T and € and is the only component of this intersection to contain P; we
have #(V; T-Q)=1. Then Theorem 6 says that M is a proper component of
the intersection of T and U; and that ¢q(M; U;- V)=4(M; U;-T). Let v, w
and w be the respective dimensions of V, W and Q. Then each U; is of dimen-
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sion w+w—mn, M is of dimension v+w—n» and T is of dimension n+v—ow.
It follows that M is a proper component of the intersection of W, T and .
The corollary then follows immediately from Theorem 4, p. 69.

5. Birational invariance of intersection multiplicities. We consider two
affine spaces A™(X) and 4"(Y). Let Q be a variety in 4™(X) and let &, be a
variety in 4*(Y). The varieties Q and @, are said to be birationally equivalent
when the fields P(Q) and P(£;) are isomorphic under an isomorphism which
maps every element of K upon itself. An isomorphism of P(Q) with P(,)
which maps every element of K upon itself is said to be a birational corre-
spondence between € and .

We shall assume that there exists a birational correspondence T" between
Q and Q. Let U be a subvariety of Q. We shall say that a subvariety U, of &
corresponds regularly to U by T if T maps Ne(U) onto Ne,(Uy). If such is
the case, U, is clearly uniquely determined; we shall write U;=T(U). The
following assertion follows immediately from the definition: assume that U,
corresponds regularly to U; let V be a subvariety of € which contains U;
then there exists a subvariety Vi of ; which corresponds regularly to V and
V1 contains Ua.

THEOREM 7. Assume that T is a birational correspondence of a variety Q
with a variety Q. Assume that M is a proper component with respect to Q of
the intersection of two subvarieties U and V of Q, and that Q contains a variety
M, which corresponds regularly to M by T. Then M, is a proper component
with respect to N of the intersection of T(U) and T(V), and we hcve
10,(My; T(U)-T(V)) =io(M; U-V).

It is clear that dim Q=dim @, dim T(U) =dim U and dim T(V) =dim V.
Since Ng,(M,) is isomorphic with RN e(M) and M is simple on ©, M, is simple
on ;. It follows that M; is a proper component of the intersection of T°(U)
and T'(V) with respect to (.

Let xy, - - -, xm be the functions induced by X, - -, X on Q; let
Y1, *  +, ¥ be the functions induced by Yi, - - -, Y, on Q. Then T'(x;) be-
longs to Na,(M;) and may therefore be written in the form

T(x:) = Pi(9)/Q()
where Py, - - -, P, and Q are polynomials in » arguments and Q(y) does
not vanish on M;. We can find a point P; on M; which is simple on ©; and is
such that Q(y) does not vanish at this point. Let &,, - - -, ba be the coordi-
nates of P;; it is clear that the elements P;(b)/Q(b) (1=:=<m) are the co-
ordinates of a point P on M and that P; corresponds regularly to P. It
follows in particular that P is simple on Q. Denote by Q the sheet of Q at P
and by Q. the sheet of @ at P;. The contraction of T to No(P) can be ex-
tended to an isomorphism (also denoted by T') of Ne(P) with Ng,(Py). It fol-
lows that we have an isomorphism (again denoted by T) of {(Q) with f(Qu).
It is clear that, under the isomorphism T, the sheets of U, V, and M at P
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correspond to the sheets of T(U), T(V) and M, respectively at P,. Theorem 7
then follows immediately from Theorem 2, §4, p. 67 and from Lemma 1,
§9, part 11, p. 52.

6. The projection formula for algebraic varieties. We consider two series
of letters {Xy, -+, Xn} and {¥y, ---, V.}. Let U be a variety in
Amtn(X, V); then, we may identify f(prx U) with the subring of f(U) which
is generated by the functions induced by X3, - - -, X on U. It follows that
P(prx U) is a subfield of P(U) and therefore that dim , :x U=dim U.

DEFINITION 1. Let U be a variety in A™t*(X, Y). If the dimension of prx U
is equal to the dimension of U, we say that U has a finite projection index on
A™(X). In that case, P(U) may be considered as a finite algebraic extension field
of P(prx U). The degree of this extension is called the projection index of U on
A™(X). This number is denoted by j(U; X).

The reader will have observed that this definition is not a straight-
forward generalization of the definition used in the case of algebroid varieties,
since we do not require here that f(U) be finite over f(prx U). As a conse-
quence, it will not be true in general that every subvariety of a variety which
has a finite projection index also has a finite projection index.

Assume that the variety U has a finite projection index on 4A™(X). We
shall denote by W the variety prx U. Let P be a point of W such that the
elements of f(U) are integral over the ring Nw(P) (observe that Ny (P) is
contained in P(W) which is a subfield of P(U)). Let Py, - - -, P, be the dis-
tinct points of U whose projection on W is P (it is easy to see a priori that
r=1; this will also follow from what we shall prove). Let X3, - - -, X be
the coordinates in Ep(X);let ¥y, - - -, ¥, be n new letters. We shall use the
letters X1, - + +, Xm, Y1, - - +, Vn as coordinates in each of the local spaces
attached to A™**(X, V). It follows that the sheets of U at all points P; are
algebroid varieties in the same local space, which is a product of two local
spaces E"(X) and E*(Y), of which the first contains the sheets of W at P.

PropoSITION 1. Let U be a variety in A™+"(X, Y) whick has a finite projec-
tion index on A™(X). Set W=prx U and let P be a point of W such that the
elements of f(U) are integral over Np(W). Let Py, - - -, P, be the distinct points
of U whose projection on A™(X) is P. If U is any sheet of U at any one of the
points P;, then prx U is a sheet of W at P and U has a finite projection index
on E™(X). Let W be a given sheet of W at P, and let U;; (1=j<s,) be the
distinct sheets of U at P; such that prx Uij=W (1=i=r). Then we have

=n i Tgs X)=j(U; X).

Remark. The sheets U;; are not necessarily distinct: although TU.;=T;;
for j#j’, it may happen that U;;=Ty; for ¢'>4. This will happen if the
variety U is transformed into itself by a translation in A™+*(X, ¥) which
brings P; onto P;.
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Let & be the subring of P(U) which is generated by Nw(P) and f(U).
Then $ is finite over Nw(P) and is therefore a semi-local ring (Proposition 3,
L.R., §II, p. 694). The maximal prime ideals of & are clearly the ideals
ng, - - -, 9, where py, - - -, pr are the prime ideals in f(U) which corre-
spond to the points Py, - - -, P,. The ring of quotients of p;& with respect
to & is Nu(Py).

Let T be a sheet of U at a point P;. Then U corresponds to some prime
divisor #i of the zero ideal in Nv(P;). Let F be a completion of &, and let ¢;
be the idempotent in & which corresponds to the maximal prime ideal p;S.
Then Nu(P;) is isomorphic with Je;; there corresponds to ii a prime ideal in
Jei, which may be written in the form fi*e;, where #i* is a prime ideal con-
taining 1 —e¢; in §.

The adherence of Np(W) in § is a completion Np(W) of Np(W) and F is
finite over Np(W) (cf. Proposition 7, L.R., §1I, p. 699). Denote by % the
prime ideal i*N\Nw (P). The ideal i* is clearly a divisor of the zero ideal in &;
since no nonzero divisor of Nw(P) becomes a zero divisor in § (cf. L.R.,
loc. cit. above),  is a prime divisor of the zero ideal in fw(P) and therefore
there corresponds to  a sheet W of W at P. The ring §/fi* is isomorphic
with f(TU) and is finite over Nw(P)/® which is isomorphic with {(W). We
conclude easily from this that W is the projection of U on Em(X) and that
T has a finite projection index with respect to E™(X). The first part of
Proposition 1 is thereby proved.

Let i}, be the prime ideals in § which correspond (in the way explained
above) to the sheets Us;,; (1 <j<s.); these ideals are the prime divisors of the
zero ideal in § which contain 1—¢; and . Since a prime ideal in § cannot
contain at the same time 1—e¢; and 1—e; for 754’, we have #if, i for
(', 7)) # (@, 7). Let Z and Z' be the rings of quotients of Nw(P) and F respec-
tively; then Z and Z’ are hypercomplex systems over suitable fields. If
{u;, e, ud} is a maximal system of elements of & linearly independent
with respect to Nw(P), then u,, « - -, uq are also linearly independent over
Zin Z'and Z' =Zuy+ - - - +Zuq (cf. Proposition 7, L.R., §1I, p. 699). Since
6 is a prime divisor of the zero ideal in fMw(P), there corresponds to f an
idempotent 1 in Z such that %=Zy"\Nw(P). The ring Nw(P)(1—1) is iso-
morphic with f(W) (in fact, the kernel of the mapping z—z(1—17) of Nw(P)
is ). The ring §(1 —19) is finite over Nw(P)(1 —1) and the prime divisors of
the zero ideal in this ring are the ideals fij;(1 —7), (1=¢=7, 1=j<s;). The
ring J(1—7)/ii5(1 —n) is isomorphic with §/i}, that is, with §(T.;). It fol-
lows easily that

31 = n)/i501 = 0):Fw(P)A = )] = §(Tis; X).

On the other hand, since the #ij;(1—7) are all the prime divisors of the zero
ideal in (1 —7), the sum of the numbers [J(1—17)/ff(1 —n):Nw(P)(1—2)]
(for all combinations of indices ¢ and j) is equal to [Z'(1—%):Z(1—7)].
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The elements %y, - -+, #q being linearly independent over Z, it follows imme-
diately that #;(1—9), - - -, #a(1 —n) are linearly independent over Z(1—n),
whence D ;,;7(Tij; X)=d=(3:Rw(P)) = [P(U):P(W)]=5(U; X). Proposi-
tion 1 is proved.

THEOREM 8. Let U be a variety in A™+*(X) and let V be a variety in A™(X).
Assume that M is a proper component of the intersection of prx U and V and
that the elements of f(U) are integral over Nypexuv(M). Then U has a finite
projection index on A™(X). If My, - - -, My are the distinct components of the
intersection of U and VXA(Y) whose projection on A™(X) is M, then each My
is a proper component of the intersection of U and VXA™(Y) and has a finite
projection index on A™(X). We have

J(U; X)i(M; (prxU)-V) = 35 j(Mu; X)i(My; U-(V X ANY)).

k=1

We set W=prx U. The field of quotients of f(U) is P(U) and the field of
quotients of Nw(M) is P(W). It follows immediately that U has a finite
projection index on A™(X). To every M} there corresponds a prime ideal
my in f(U) such that myN\f(IW) =m, where m is the prime ideal which corre-
sponds to M in f(W). We have Ntw (M) CNu(M:). Let  be the ring generated
by Mw(M) and f(U); then & is finite over Mw(M) and m;S is one of the max-
imal prime ideals of . The field §/m:& may be identified with P(M}); the
field Nw(M)/mNRw(M) is P(M). It follows immediately that M, has a finite
projection index on A ™(X). In particular, we havedim M;=dim M =u~+v—m
=wu-+(-+n)—(m+n), if u and v are the dimensions of U and V respectively.
It follows that M, is a proper component of the intersection of U and
VXA~(Y).

The functions y1, - - -, ¥, induced on U by Yy, - - -, Y, respectively
satisfy equations with coefficients in Rw (M) and with leading coefficient 1.
These coefficients may be written as fractions whose numerators and de-
nominators belong to f(W), the denominator being the same for all these
fractions and not belonging to m. It follows that there exists a polynomial
D(X) in the letters X which does not vanish on M and which has the follow-
ing property: if P is a point of M at which D(X) does not vanish, then the
elements of f(U) are integral over Nw(P).

The components of the mutual intersections of the varieties M (1<k=<h)
have dimensions less than #+v—m, and the same applies to the projections
of these components on A™(X). Similarly, the projections on 4A™(X) of the
varieties which are singular on M} are of dimensions less than «+v—m. It
follows from Proposition 5, §3, p. 62, and from Corollary 2 to this proposi-
tion that we can find a point P on M which satisfies the following conditions:
P is simple on M; if a point Q belonging to some M} is such that prx Q=P,
then Q belongs to only one of the varieties M and is simple on M}; the ele-
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ments of {(U) are integral over Nw(P). We shall denote by Py, - - -, P, the
distinct points of U whose projection is P. Each P; belongs to some M.
In fact, P is contained in some component M’ of the intersection of U and
VXA™(Y), and dim M’2u+v—m by Theorem 1, §4, p. 65. Since P belongs
to prx M’ and since the elements of f(U) are integral over Nw(P), M’ has a
finite projection index on A™(X) (cf. the argument used above for My). It
follows that dim prx M’'zu~+v—m. Since prx M'CM, we have prx M'=M
and M’ = M, for some k.

By construction, P; belongs to only one of the varieties M. We shall
denote by k; the index % such that P;C M. We denote by:

M the sheet of M at P;

M, the sheet of My, at Py;

_Ij.',' (1 §j§s.) the sheets of U at P,';

Wea (1Sa=a) the sheets of W at P;

Vs (1B=b) the sheets of V" at P.
We shall evaluate in two different ways the sum

g 85 b

22 ﬂZ i(My; Ui (Vo X E"D)))j (M1 X)

=1 j=1 =1
(observe that the sheets of VXA"(Y) at P; are the varieties Vs XE"(7)
(1B =b); in virtue of our assumptions on P, M, is the only component of
the intersection of U;; and Vs X E*(Y)).

First, if we sum all terms which correspond to a fixed value of 7, we obtain
i(My;; U-(VXA™Y)) j(My,; X) (this, by Theorem 2, §4, p. 67). If we take
the sum of all the terms for which k; has a given value %, we obtain
i(My; U-(VXA™(Y))j(My; X) (this, by Proposition 1 above). It follows that
the sum (1) is equal to Zﬁ_li(Mk; U-(VXA*(Y)))j(My; X). On the other
hand, we have prx Uij=Waq,5, where a(i, j) is some index between 1 and a
which depends on 7 and j; making use of Theorem 5, §5, part II, p. 42, we
obtain ‘l:(A_[k;; ﬁ;,-- (Va XE"(?)))]'(HI:;; 7) =’i(H; Wa(i,j) I_/g) ‘j(ﬁ;,-; Y) If we
sum over all combinations (¢, j) such that «(s, j) has a given value «, we ob-
tain by Proposition 1 above ¢(M; W .- V) -j(U; X). If we then sum over all
combinations (a, 8), we get (by Theorem 2, §4, p. 67) «(M; W-V)j(U; X).
Theorem 6 is thereby proved.

7. Cycles. In analogy with what we did in the case of algebroid varie-
ties, we introduce the notion of cycle on an algebraic variety.

DEFINITION 1. By a cycle of dimension u in A*(X) we mean a formal linear
combination of a finite number of u-dimensional algebraic varieties in A(X)
with integral non-negative coefficients. If all varieties which occur with positive
coefficients in the cycle are subvarieties of some variety Q, we say that we have a
cycle on Q.
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The cycles of a given dimension can ‘be added together and multiplied by
non-negative integers. A variety U will be identified with the cycle 1- U.

DEFINITION 2. Let Q be a variety in A™(X), and let U and V be two subvarie-
ties of Q. We say that U and V have o relative intersection cycle on Q if every
component of the intersection of U and V is proper with respect to Q. This being
the case, we set (U-V)a= D_mio(M; U, V)M, the sum being extended over all
components M of the intersection of U and V. Let D a;Usi=X and Y, b;V;=Y
be two cycles on Q, with U5 U for i5£1’, V£ V; for j#£5'. If whenever a;b;#0
the symbol (U;- V) ais defined, then we set (X-Y) o= ia:dj(Us- V)a; (X-V)a
is called the relative intersection cycle of X and Y on Q. If X and Y are any
cycles, we say that X - Y is defined when (X - Y)ax) s defined, and then we set
X Y=(X-Y)ax).

Let us consider two affine spaces 4 (X ®) and 4 (X ®). Let X, =E.~a,~ Ui
be a cycle in 4™(X®) and let X;=_;6;U;, be a cycle in 4™(X®). Then we
denote by X; XX the cycle X :;a:b;Ui1 X Ujg in A"(X V) X A"(X ).

THEOREM 3a. Let Q; be a variety in A%(X®) (4=1, 2), and let X; and Y;
be two cycles on Q. If the cycles (X1- Y1) o, and (X2 Ys) e, are defined, then the
cycle ((X1XXa)-(YiXY3))axa, is defined and is equal to ((X:-Y1)q)
X (X2 Y2)q,).

This follows immediately from Theorem 3, §4, p. 68.

THEOREM 4a. Let X, Y and Z be three cycles on a variety Q, all different from
0. If either one of the cycles (X - Y)a-Z)aand (X-(Y-Z)q)ats defined, then both
are defined, and they are equal to each other.

This follows easily from Theorem 4, §4, p. 69 (cf. the proof of Theorem 6a,
§8, part II, p. 51).

THEOREM 6a. Let X be a cycle and let 2 be a variety. Let Y be a cycle on Q.
If (X-Q)-Y)ais defined, then (X-Y)- Qs defined and is equal to ((X-Q)-Y)q.

This follows easily from the corollary to Theorem 6, §4, p. 72.

Let {X;, e, X,,.} and {Yl, c e, Y,.} be two series of letters. If a
variety U in A™+t*(X, V) has a finite projection index on 4A™(X), we say
that the cycle al.pr.x U is defined and we set al.pr.x U=j(U; X)U. If
X =2 :a:U; is a cycle in A™+*(X, V), and if al.pr.x U, is defined whenever
a;#0, we say that al.pr.x X is defined and equal to Y a; al.pr.x U..

THEOREM 7a. Let X be a cycle in A™t*(X, Y) and let Y be a cycle in A™(X).
Assume that the cycle (al.pr.x X)- Y is defined. Then al.pr.x (X- (Y XA*(Y)))
is defined and equal to (al.pr.x X)-Y.

This follows immediately from Theorem 8, §6, p. 77.



80 CLAUDE CHEVALLEY [January

8. Intersections with hypersurfaces. A variety of dimension »—1 in
A*(X) is called a hypersurface. The following facts are well known (and can
be established in the same way as the corresponding results for algebroid
hypersurfaces): the prime ideal which corresponds to a hypersurface is a
principal ideal, generated by an irreducible polynomial; conversely, every
irreducible polynomial generates a prime ideal which corresponds to a hyper-
surface. If F is an irreducible polynomial, we shall denote by (F) the hyper-
surface which corresponds to the ideal generated by F, and we shall say that
F=0 is an equation of this hypersurface.

If F is any polynomial not equal to 0, we set (F)=(F)+ - - - +(F) if
F=aF; - - - Fy is the decomposition of F in the product of a unit ¢ and of
some irreducible polynomials Fy, - - -, F; (we set (F) =0 if F is a unit).

ProrosITION 1. Let U be a variety in A*(X) and let (F) be an (n—1)-
dimensional cycle such that U-(F) is defined. Then, if M is a variety which
occurs with a coefficient not equal to 0 in U-(F), the function FU induced by
Fon U is a parameter in Ny(M), and the coefficient with which M occurs in
U-(F) is equal to e(Ru(M); FY). If M is a simple subvariety of U, there exists
exactly one valuation v in Ny(M) whose domain of values is the set of all non-
negative integers, and e(Nu(M); FU) =v(FY).

Let P be a simple point on M, and let M be the sheet of M at P. Let
Fi, - - -, Fi be the irreducible factors of F which vanish at P. If X, - - -, X,
are the coordinates in the local space attached to 4 *(X) at P, the polynomial
Fi(X) can be decomposed in a product of irreducible power series F;;(X) in
K[[X]]. Since R(P)/FN(P) is an intersection of prime ideals, we see that
the algebroid hypersurfaces (F;;) are all distinct; they are obviously the sheets
at P of the hypersurfaces (F;). Let Uy, - - -, U, be the sheets of U at P. Then
the coefficient of M in U-(F) is clearly equal to the sum Y o ;ji(M; U,
-(Fij(X)). This is equal to the sum of the coefficients of M in the cycles
T (F(X)), that is, to ) .e(Ng (M); FV«(X)), where Fl«(X) is the function
induced on U, by F(X) (cf. Proposition 2, §7, part II, p. 48). Let m and u
be the prime ideals which correspond to M and U respectively in K [X];
then mJ(P) =i is the prime ideal which corresponds to M in N(P), and
ut(P) is the intersection of the prime ideals fi, which correspond to the
varieties U,. The ring (P)/uR(P) is a completion Nu(P) of Ny (P) and the
ideals fi./u(P) are the prime divisors of the zero ideal in this ring. They are
all contained in fi/udt(P). If we denote by F* the residue class of FUa modulo
iis, eMyg (M); FUa(X)) is equal to the multiplicity of F* considered as a
parameter in the ring of quotients of ffi/it. with respect to N(P)/iiN(P). It
follows from formula (2), §2, part I, p. 14, that D .e(Ny, (M); FU«(X))
is the multiplicity of FU considered as a parameter in the ring of quotients
of fi/uft(P) with respect to N(P)/uN(P). By Theorem 4, §4, part I, p. 22
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this multiplicity is equal to the multiplicity of FV as a parameter in the ring
of quotients Ny (M) of m/uN(P) with respect to N(P)/uN(P).

Assume that M is simple on U. Then Ny (M) is a regular local ring of di-
mension 1, and therefore this ring has exactly one valution ¥ whose domain of
values is the set of all non-negative integers and e(Ny(M); FV)=av(FY),
where ¢ is factor of proportionality which does not depend upon F (cf. end
of §7, part 11, p. 48). Since e(My(M); FU) is always an integer, a is an integer.
It follows from Theorem 6, §4, p. 72 that e(My(M); FUY) =1 for a suitable
choice of F. Therefore a =1, and Proposition 1 is proved.

9. Intersection multiplicities and levels of inseparability. All fields to be
considered in this section are supposed to be of characteristic p #0.

ProposITION 1. Let Zy/K, be a finite extension of a field Ko, and let
L/K, be a finite algebraic purely inseparable extension of Ko Then the ratio
[L:Ko]/[ZoL:Z,] is bounded from above by a number which depends on Ko and
Zy only, not on L.

Let {zl, -+ +, 2} bea transcendence base of Z,/K,. We have [Z,L:Ko(z)]
= [ZoL:L(2)][L(2):Ko(z)]. The second factor is equal to [L:K,] because
K (2) is separably generated over Ky On the other hand, we may also write
[ZoL:Ko(2)]= [ZoL:Z0][Zo: Ko(2)]. It follows that the ratio under considera-
tion is equal to [Z,:Ko(2)]/[ZoL:L(2)]. The numerator of this last fraction
being independent of L, Proposition 1 is proved.

DEFINITION 1. The situation being as described in Proposition 1, the maximal
value taken by the ratio [L:K,|/[ZoL:Z,) is called the level of inseparability
of the extension Zy/K,.

It is clear that, for any L, the ratio under consideration is an integer and
a power of p. Therefore the level of inseparability is a power of p. It follows
immediately from the definition that the level of inseparability is 1 if and
only if the extension Zo/K, is separably generated ().

ProPOSITION 2. Let Zo/K, be a finite extension of Ko, and let L/K, be a
finite purely inseparable extension of K. A mecessary and sufficient condition
for the ratio [L:K)/[ZoL:Z,] to be equal to the level of inseparability of Zo/K,
1s that LZ, be separably generated over L.

Let L,/L be any finite purely inseparable extension of L. Then we have

(1) [Like] _ [LeZ]  [L:Ko]
Zoliize]  [ZoLiZol] [ZoL:Zd]

and the ratio [Ly:L)/ [ZoL1: ZoL] is integral. If [L:K,]/[ZoL:Z,] is equal to

(*°) Cf. my paper Some properties of ideals in rings of power series, Trans. Amer. Math.
Soc. vol. 55 (1944) Proposition 2, p. 69.
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the level of inseparability of Zo/K,, then [Li:L]= [Z,L::Z,L] for any finite
purely inseparable extension L;/L of L, which proves that LZ, is separably
generated over L. Conversely, if this last condition is satisfied, the ratio
[L:K,]/[ZoL:Z,] does not change if we replace L by Ly. Let L’/K, be a finite
purely inseparable extension of K, such that [L’:K,]/[ZoL’:Z,] is equal to
the level of inseparability of Z,/K,, and set Ly=L,L’. It follows immediately
from formula (1) above, applied to L’ instead of L, that [Li:K,]/[ZoL1:Zo]
= [L":K,])/[ZoL":Z,]; in virtue of our choice of L’, the equality sign pre-
vails. Proposition 2 is thereby proved.

PRroOPOSITION 3. Let Zo/K, be a finite extension of Ko and let K1/K, be a
separable algebraic extension of Ko. Then the level of inseparability of Z,K1/K:
is equal to the level of inseparability of Zo/K,.

Let L/K, represent a purely inseparable extension of K, such that
[L:K,])/[ZoL:Z,] is equal to the level of inseparability of Z,/K,. Since K,
is separably generated over Ko, we have [LK;:K;]=[L:K,]. Since Z,K, is
separably generated over Z,, we have [ZoK1L:ZK1]=[ZoL:Z,]. Since Z,L
is separably generated over L (by Proposition 2), Z,K,L is separably gener-
ated over K, L. Proposition 3 follows therefore immediately from Proposition 2.

Let now U be a variety in A*(X), defined by a prime ideal u in K [X].
Let K, be a subfield of K; if x;, - - -, x, are the functions induced on U by
X1, - -+, Xn, we denote by K,[U] the subring Ko[x1, - - -, 2] =Ko[x] of
f(U), and we denote by Ko(U) the field of quotients of K,[U].

PRrOPOSITION 4. Let U be a variety in A»(X) and let M be a subvariety of U.
Let Ky be a subfield of K in which U is definable, and assume that Ko(U) con-
tains a certain number of elements u,, - - - , u, which form a system of param-
eters in Ny(M). Then M is definable in some algebraic extension of Ko and
eNu(M); uy, - - -, u,) s divisible by the level of inseparability of the extension
Ko(M)/Ko.

Let K¢* be the algebraic closure of K, The first part of Proposition 4
will be proved if we show that M is definable in K¢*. Let u and m be the
prime ideals in K [X] which correspond to U and M respectively. We set
w=uNK¢[X], m*=mNK&[X]. Since U is definable in K¢, we have
uw*K [X]=u. Since K¢ is algebraically closed, the ideal m’=m*K[X] is
prime, and defines a variety M’. It is clear that M’ is a subvariety of U and
contains M ; moreover, the elements u,, - - -, u, belong to m’/u. Since these
elements form a system of parameters in Ny (M), it follows immediately that
M'= M, which proves our assertion.

In order to prove the second assertion of Proposition 4, we may without
loss of generality replace K, by a field which is algebraic and separable over
K, (cf. Proposition 3 above). We may therefore assume that the algebraic
closure of K, is purely inseparable over K.
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We can find elements yy, - - -, ym in K,[U] such that the functions
v, -+, ¥ induced on M by i, - - -, ¥m respectively form a transcendence
base of Ko(M)/K, These functions are algebraically independent over K¢
in K#(M) and therefore also on K in K(M) (this, because M is definable

in K¢). It follows that y{, - - -, y. form a transcendence base of K(M)/K
and that M is of dimension m. The field K(yy, - - -, ym) =K(y) is a basic field
of Ny(M); it follows immediately that 3y, « + +, Ym, %1, - - -, u, are alge-

gebraically independent over K. On the other hand, the dimension s of Ny (M)
is equal to the difference between the dimensions of U and M; it follows that
dim U=m+s, and therefore that K(U) is algebraic over K(y, «).

We introduce a completion Ny (M) of Ny(M); then K(y) is a basic field
of Nu(M), wa, - - -, u, are analytically independent over K(y) and v (M)
is finite over K(y) [[#]]. Let O be the subring of Ny (M) which is generated
by K(v)[[#]] and Ry(M). Then O is finite over K(y) [[«#]] and is therefore a
complete semi-local ring (Proposition 3, L.R., §1I, p. 694). The intersections
of O with the powers of the ideal of nonunits in Rty(M) form a fundamental
system of neighbourhoods of 0 in the semi-local ring topology of £ (this, by
Lemma 7, L.R., §1I, p. 6953). It follows that the identity mapping of O into
Nu(M) is continuous. Since O contains Ny(M), we have O=Ny(M). Let Z
be the ring of quotients of Ny(M); then Z contains K(y)((«)) (cf. Proposi-
tion 1, §2, part I, p. 12) and it follows from what we have just proved that
Z is generated by adjunction to K (y)((u)) of the elements of K(U).

Denote by Z, the subring of Z which is generated by K¢(y)((#)) and by
Ko(U). Since Ko(U) is algebraic over Ko(y, #), Z, may be considered as a
hypercomplex system over Ko(y)((#)). We shall prove that Z coincides with
the hypercomplex system Z’ which is deduced from Z, by extending the field
of coefficients from Ko(y)((#)) to K(y)((u)).

First, it is clear that Z is a homomorphic image of Z’. On the other hand,
Z' is a homomorphic image of the hypercomplex system Z’’ deduced from
Ko(U) (considered as a hypercomplex system over Ko(y, %)) by extending
the field of coefficients from Ko(y, %) to K(y)((%#)). This extension may
be carried out in two steps, first extending to K(y, #) and from there to
K(v)((w)). Since U is definable over K,, the first step leads to K(U). Since
K (y)((w)) is separably generated over K(y, ), we see that Z'/ is semi-simple.
The same holds a fortiori for Z’. It follows that Z=_Z'¢, where € is an idem-
potentin Z’. Let {¢i1, - - -, {»} be a base of Zo/Ko(y)((x)); we express ¢ in the
form Y ' & with &, - - -, &EK(y)((w)). If we express that € is an idem-
potent, we obtain a certain number of algebraic relations with coefficients in
Ko(y)((n)) between the quantities &, - - -, &. These relations, considered as
equations in the unknowns &, « - -, &, have only a finite number of solutions
in the algebraic closure = of K(y)((x)) (because (Z,) z has only a finite number
of idempotents). It follows that these solutions are all algebraic over
Ko(y)((w)). Making use of the fact that K¢ is purely inseparable over K,
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and of a result proved elsewhere, we conclude that each £; is purely in-
separable over Ko(y) ((#)) (#1). Therefore, we have ¢ = ¢?" € Z, for some v >0. Re- -
membering that Z, is a subring of Z, we see that the inclusion e€Z, implies
e=1, whence Z=2'.

Letx,, - - -, x, be the functions induced by X3, - - -, X, on U. Then each
x; belongs to Nu(M), and is therefore integral over K(y)[[«]]. It follows
that the normal equation satisfied by x; (considered as an element of the
hypercomplex system Z) has its coefficients in K(y) [[#]]. On the other hand,
x; belongs to Z, and therefore the coefficients of the normal equation of x;
are in Ko(y)((w)). It follows that these coefficients are in Ko(y)((%))
NK@)[[#]]=Ko(y)[[#]]. This means that each x; is integral over
Ko(y) [[#]]. Let Do be the subring of Z, which is generated by Ko(y) [ [«]]
and %1, - - -, %, The ring Oy is finite over Ko(y)[[«#]] and is therefore a
complete semi-local ring. Since O,CRv (M), Oo cannot contain any idem-
potent not equal to 1; sirice Ko(y) CDy, Oo is a complete local ring. Let M,
be the maximal prime ideal of O,; M, is contained in the ideal of nonunits of
Ru(M). Let mo be the prime ideal in K,[U] composed of the functions be-
longing to Ko [U] which vanish on M. An element of m, is a nonunit in Ny (M)
and therefore also in Do; it follows that moC M. The ideal MNK,[U] is
prime, contains m,, and has only 0 in common with K(y); it follows easily
that MoK, [U]=m,. Let x{, - - -, ! be the functions induced on M by
%1, -+ +, Xn; since uy, + - -, #, are in Mo, we have Oo/Mo=Ko(y") [x{, - - -,
%2 1= Ko(M).

The ring O, is clearly equidimensional. It follows that [Zo:Ko(y)((%))]
=e(Oo; w1, -+ -, %) [Ko(M):Ko(y")]. On the other hand, the left side is
equal to [Z:K(y)((%))], that is, to e(Ru(M); uy, - - -, u,) [K(M):K(y")].
It follows that e(Mu(M); uy, - - -, %,) is an integral multiple of the fraction
[Ko(M):Ko(y")]/ [K(M):K(y")]. Let L be the field generated by K, and

(#1) Set Y=Ko(y), Y*=K*(y). Multiplying &, - - -, £& by some element of Y[[u«]], we
obtain elements &, - - -, £ which are in X (9)((»)) and which are integral over Y[[u]] Since
K(y)[[u]] is integrally closed, these elements are power series in the quantities % with coeffi-
cients in K(y). Making use of Lemma 1, §2 in my paper Some properties of ideals in rings of
power series, Trans. Amer. Math. Soc. vol. 55 (1944) p. 72, we see that the coefficients of these
power series are algebraic over Y. Since Y* is algebraically closed in K(y) (cf. Proposition 6a
in my paper quoted above), the coefficients of £{, - « «, £ are in ¥*. It will therefore be suffi-
cient to prove that, if an element n& ¥*[[u]] is algebraic and separable over Y((x)), then
7€ Y((u)). By assumption, 5 satisfies an equation F(n)=0, where F is a polynomial with co-
efficients in ¥((x)) and F'(n) 0. Let u be the maximal prime ideal in ¥*[[«]], and let % be
an exponent such that F’(n) Eub+t, Write n=2_ .., P;(%), where each P; is a form of degree 3,
and let & be an index greater than k. Set m=2_+_; Ps(#), Ry=5—m; using Taylor’s formula, we
obtain F(m)-+RiF'(m)=0 (mod u?*). Because 2k >k-+k, we see immediately that the coeffi-
cients of P; are in the field obtained by adjunction to ¥ of the coefficients of the polynomial n.
Thus, all coefficients of the power series 7 are in the field obtained by adjunction to ¥ of the
coefficients of s, from which it follows that 4* & ¥ ((%)) for some f>0, whence n€ Y((%))
because 7 is separable over Y((%)).
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the field of definition of M. Then L/K, is a finite purely inseparable alge-
braic extension and [K(M):K(y")]=[L(M):L(y")]. On the other hand, it
follows immediately from the proof of Proposition 1 and from Proposition 3

that [Ko(M):Ko(y") 1/ [L(M):L(y’ )] is equal to the level of inseparability of
the extension Ko(M)/K,. Proposition 4 is thereby proved.

THEOREM 9. Let Q be a variety in A*(X) and let U and V be two subvarieties
of Q. Let K, be a subfield of K in which U, V and Q are definable. Then every
component of the intersection of U and V is definable over a field which is alge-
braic over Ko. If M is a proper component of the intersection of U and V with
respect to Q, then 1o(M; U- V) is divisible by the level of inseparability of the
extension Ko(M)/K,.

Let A*(X’) be a copy of the space 4*(X) and let V’ be the copy of V
in A*(X’). If A is the diagonal of 4*(X)XA"(X’), and if M is a component
of the intersection of U and V, then M2 is a component of the intersection
of UX V' and A. Let x; and x! be the functions induced on UX V’ by X; and
X! respectively. Then the » functions x! —x; generate in Nyxy-(M2) an ideal
which is primary for the ideal of nonunits; on the other hand, these functions
belong to Ko[UX V']. The first part of Theorem 9 is then proved exactly in
th e same way as the first part of Proposition 4.

If w=dim Q, we can find w indices %y, + - -, %, such that <q(M; U-V)
=e(Roxv (M?); xy—xi, + - -, x;,—x;) (cf. Definition 3, §4, p. 67). The
second part of Theorem 9 follows therefore immediately from Proposition 4.
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